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Abstract. We study ACM bundles on cubic threefolds and fourfolds containing a plane. For this 
- - - purpose, we propose a new approach based on derived category techniques. In the case of cubic 

threefolds, these techniques allow us to show that the moduli space of Ulrich bundles is always 
\ non-empty. Applied to cubic fourfolds containing a plane, they give us a way to recover the K3 

' surface naturally associated to the fourfold as a moduli space of stable ACM bundles of rank four. 

S3 

, Introduction 

(N 

Fourier-Mukai techniques to study stable vector bundles on surfaces have been an extremely 
\ useful tool for more than 30 years. In this paper, we use a construction by Kuznetsov to generalize 
I such circle of ideas and study Arithmetically Cohen-Macaulay (ACM) stable vector bundles on 
' smooth projective cubic hypersurfaces. The basic idea is to use a semiorthogonal decomposition of 

-4— > ' 

] the derived category of coherent sheaves to "reduce dimension'' . The disadvantage of this approach 
is that we have to consider complexes and a notion of stability for them; this forces us to restrict 
to the cubic threefold case and to special examples in the fourfold case. The advantage is that this 
may lead to a general approach to study ACM stable bundles in higher dimensions. 

00 

G^ I ACM bundles and semiorthogonal decompositions. Let Y C P"+^ be a smooth complex 
I cubic n-fold, and let Oy{H) denote the corresponding very ample line bundle. A vector bundle F 
^ I on a y is called Arithmetically Cohen-Macaulay if dimi/*(y, F{jH)) = 0, for all i = 1, . . . , n — 1 
' and all j £ Z. In algebraic geometry, the interest in studying stable ACM bundles (and their moduli 
spaces) on projective varieties arose from the papers [11, 25, 30, 31, 46]. In fact, in [25] it is proved 
that the moduli space of rank 2 instanton sheaves on a cubic threefold is isomorphic to the blow- 
^ ■ up of the intermediate Jacobian in (minus) the Fano surface of lines. The intermediate Jacobian 
^ ' can be used both to control the isomorphism type of the cubic, via the Clemens-Griffiths/Tyurin 
" ■ ■ Torelli Theorem, and to prove the non-rationality of the cubic (see [24]). From a more algebraic 
viewpoint, ACM bundles correspond to Maximal Cohen-Macaulay (MCM) modules over the graded 
ring associated to the projectively embedded variety, and as such they have been extensively studied 
in the past years (see, e.g., [56]). 
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In a different direction, Kuznetsov studied in [34] semiorthogonal decompositions of the de- 
rived category of a cubic hypersurface. In fact, as we review in Section 1.1, there exists a non-trivial 
triangulated subcategory Ty C D^(y), which might encode the birational information of the cu- 
bic. For example, in the case of a cubic threefold Y, it is proven in [13] that the isomorphism 
class of Y can be recovered directly from Ty as a sort of "categorical version" of the Clemens- 
Grifhths/Tyurin Torehi Theorem. In [35] it is conjectured that a cubic fourfold is rational if and 
only if the category Ty is equivalent to the derived category of a K3 surface. In the fourfold case, 
a relation with this conjecture and the classical Hodge theoretical approach to rationality appears 
in [2]. For the interpretation of Ty as a category of matrix factorization, we refer to [49]. For the 
interpretation as a summand of the Chow motive of Y, we refer to [12]. 

For cubic threefolds and fourfolds containing a plane, a different description of Ty is available, 
via Kuznetsov's semiorthogonal decomposition of the derived category of a quadric fibration (see 
[36]). Indeed, as we review in Section 1.3, Ty is equivalent to a full subcategory of the derived 
category of sheaves on with the action of a sheaf of Clifford algebras Bq (determined by fixing 
a structure of quadric fibration on the cubic). We denote the induced fully- faithful functor S : 
Ty D^(P^, ;Bo) (for fourfolds, H is an equivalence). The key observation (which is not surprising 
if we think to ACM bundles as MCM modules, see [20, Section 2] and [49]) is the following: given a 
stable ACM bundle FonY,a. certain twist of F by the very ample line bundle Oy{H) belongs to 
Ty (this is Lemma 1.6). Hence, the idea is to study basic properties of ACM bundles on Y (e.g., 
existence, irreducibility of the moduli spaces, etc.) by using the functor H, and so by considering 
them as complexes of ^So-modules on P^. The principle is that, since D^(P^,;Bo) has dimension 2, 
although it is not intrinsic to the cubic, it should still lead to several simplifications. The main 
question now becomes whether there exists a notion of stability for objects in D'^(P^,;So) which 
corresponds to the usual stability for ACM bundles. In this paper we suggest, both for cubic 
threefolds and fourfolds containing a plane, that such a notion of stability in D'^(P^,;So) should be 
Bridgeland stability [17]. 

Cubic threefolds. Let y be a cubic threefold. By fixing a line Iq in Y, the projection from Iq 
to P^ gives a structure of a conic fibration on (a blow-up of) Y. The sheaf of algebras Bq on P^ 
mentioned before is nothing but the sheaf of even parts of the Clifford algebras associated to this 
conic fibration (see [35]). Denote by Coh(P^,i3o) the abelian category of coherent ;Bo-modules, 
and by D^(P^,;Bo) the corresponding bounded derived category. 

As a first step in the study of ACM bundles on Y, we consider the moduli spaces dTtd of 
Gieseker stable 5o-modules in Coh(P^,;Bo) with Chern character (0,2d, — 2(i), for any d ^ 1. 
These moduli spaces are tightly related to the geometry of Y and the first general result we can 
prove is the following (see Theorem 2.11). 

Theorem A. The moduli space OJt^ is irreducible with a morphism T : dJld — )• |C'p2((i)| whose fiber 
on a general curve C in [0^2(^)1 is the disjoint union of 2^'^ copies of the Jacobian of C. Moreover, 
the stable locus 9Jt^ is smooth of dimension + 1 . 

The geometry of 9Jti and TI2 can be understood more explicitly. Indeed, it turns out that 
is the Fano variety of lines in Y blown-up at the line Iq (see Proposition 2.12). On the other 
hand 9Jt2 is a birational model of the intermediate Jacobian of Y (see Theorem 3.9 for a more 
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detailed statement and Remark 3.12). Both results are obtained via wall-crossing in the space of 
Bridgeland stability conditions on the triangulated category D'^(P^,;So). As a corollary, one gets 
that the moduli space of instanton sheaves on Y (of charge 2) is isomorphic to a moduli space of 
Bridgeland stable objects in D^(P^,Bo) with prescribed Chern character (see Corollary 3.10). 

As Ty can be naturally identified with a full subcategory of D^{¥'^,Bq), via the functor H, 
one may want to consider objects of 931^ which are contained in Ty . These generically correspond 
to ACM bundles on Y. This is the way we can achieve the following theorem which generalizes 
one of the main results in [21]. 

Theorem B. Let Y be a cubic threefold. Then, for any r ^ 2, the moduli space of stable rank r 
Ulrich bundles is non-empty and smooth of dimension + 1. 

Recall that an Ulrich bundle E is an ACM bundle whose graded module @^^j^H^{Y,E{in)) 
has 3rk(S) generators in degree 1 (see Section 2.5 for a discussion about the normalization chosen). 
If compared to the first part of [21, Thm. 1.2], our result removes the genericity assumption. 

We believe that Theorem A will also be useful in studying the irreducibility of the moduli 
space of stable Ulrich bundles. In fact, we expect the functor H to map all stable Ulrich bundles on 
Y into Bridgeland stable objects in D^(P^,;So), thus generalizing Corollary 3.10 to the case r > 2. 

It is maybe worth pointing out that the proof of Theorem B, which is contained in Section 2.5, 
is based upon the same deformation argument as in [21]. The main difference is that, by using our 
categorical approach and the moduli spaces 931^, we can make it work also for small rank (r = 2, 3). 
Indeed, the argument in [21] relies on the existence of an ACM curve on Y of degree 12 and genus 
10, proved by GeiB and Schreyer in the appendix to [21], only for a generic cubic threefold, using 
Macaulay2. Moreover, although we have focused on cubic threefolds, we believe that our approach 
might work for any quadric fibration. In particular, other interesting Fano threefolds of Picard 
rank 1 are the intersection of three quadrics in P^, the quartic hypersurface containing a double 
line, or the double covering of P^ ramified along a quartic with an ordinary double point (see [9]). 

Cubic fourfolds containing a plane. We consider now the case of a cubic fourfold Y containing 
a plane P. The plane can be used as in the threefold case to give the structure of quadric fibration 
vr over P^. The corresponding functor H : Ty — )• D'^(P^,So) is now an equivalence (see [35]). The 
category D'^(P^,;Bo) can be described more geometrically. Indeed, the singular quadrics of the 
fibration vr lie over a sextic plane curve which we denote by C . Generically, the sextic will be 
smooth. In such a case, we let S be the smooth projective K3 surface obtained as double cover 
of P^ ramified along C. By [35], we have then an equivalence D'^(P^,Bo) = T)^{S,A\)), where 
is a sheaf of Azumaya algebras over S. The K3 surface S plays an important role in the study of 
moduli spaces of ACM bundles on cubic fourfolds as explained in the following result. 

Theorem C. Let Y be a cubic fourfold in P^ containing a plane P. Then the K3 surface S is 
the closure of a component of the moduli space of Gieseker stable ACM bundles over Y with class 
(4, —2H, —P, I, I), where I is the class of a line in Y . 

The theorem can be deduced by a quite long computation carried out all along Section 4. 
As far as we know, this is the first example of a 2-dimensional family of stable ACM bundles of 
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rank 4 on a cubic fourfold. Moreover, we observe that the smooth locus of any moduli space of 
slope-stable ACM vector bundles on Y carries a symplectic form (see Remark 1.8). 

A way to rephrase Theorem C is that the embedding of Ty into T)^[Y) can be realized as a 
fully faithful Fourier-Mukai functor whose kernel is a shift of a sheaf: namely the universal family 
in the moduli problem in Theorem C. 

Related works. The idea of using semiorthogonal decompositions to study ACM bundles by 
reducing dimension is influenced by [38]. More precisely, in loc. cit., Kuznetsov proposes to 
understand the geometry of moduli spaces of instanton bundles (of any charge) on cubic threefolds 
via the category D^(P^,i3o) and the functor H. 

There have been many studies about ACM bundles of rank 2 in dimension 2 and 3. Besides the 
already mentioned results on instanton bundles on cubic threefolds, some papers in this direction 
are [6, 15, 22, 23, 44]. The higher rank case has been investigated in [5, 6, 45]. The papers [48] 
and [51] give few examples of indecomposable ACM bundles of arbitrarily high rank. The already 
mentioned papers [20, 21] contain a systematic study of stable ACM bundles in higher rank on 
cubic surfaces and threefolds. A general existence result for Ulrich bundles on hypersurfaces is in 
[27]. 

Regarding preservation of stability via the functor H, the papers [13, 43] study the case of 
ideal sheaves of lines on a cubic threefold or fourfold containing a plane. 

Plan of the paper. The paper is organized as follows. Section 1 collects basic facts about 
semiorthogonal decompositions and general results about ACM bundles on cubic hypersurfaces. 
In particular, we show that stable ACM bundles are objects of Ty (up to twists) and state a 
simple cohomological criterion for a coherent sheaf in Ty to be ACM (see Lemmas 1.6 and 1.9). 
In Section 1.3 we review Kuznetsov's work on quadric fibrations. 

Section 2 concerns the case of cubic threefolds where the first two results mentioned above 
are proved. The argument is based on a detailed description of the easiest case of 97ti which 
involves Bridgeland stability conditions (see Section 2.2). Some background on the latter subject 
is provided in the same section. In Sections 2.4 and 2.5 we prove Theorems A and B respectively. 
The geometric applications to some simple wall-crossing phenomena are described in detail in 
Section 3, where we study the geometry of TI2 and its relation to instanton bundles. Section 4 is 
devoted to the proof of Theorem C. 

Notation. Throughout this paper we work over the complex numbers. For a smooth projective 
variety X, we denote by D^{X) the bounded derived category of coherent sheaves on X. We 
refer to [28] for basics on derived categories. If X is not smooth, we denote by Xj-^g the regular 
part of X. This paper assumes some familiarity with basic constructions and definitions about 
moduli spaces of stable bundles. For example, we do not define explicitly the notion of slope and 
Gieseker stability, of Harder-Narasimhan (HN) and Jordan-Holder (JH) factors of a (semistable) 
vector bundle. For this, we refer to [29]. The same book is our main reference for the standard 
construction of moduli spaces of stable sheaves. For the twisted versions of them we refer directly 
to [52, 41, 57]. 
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In the following, we will use the short-hand notation (semi) stable to refer to stable (respec- 
tively, semistable). Gieseker stability will be simply called stability, while slope stability will be 
called /i-stability. 

1. The derived category of a cubic hypersurface 

In this section we show that, on a smooth cubic hypersurface Y, all stable ACM bundles are 
well behaved with respect to Kuznetsov's semiorthogonal decomposition of the derived category. 
In particular, after recalling the notion of semiorthogonal decomposition of a derived category, we 
show that stable ACM bundles on Y belong to the non-trivial component Ty of D^{Y), up to 
twist by line bundles. We also introduce one of the basic tools to study the derived category of 
cubic threefolds and fourfolds containing a plane: Kuznetsov's description of the derived category 
of a quadric fibration. 

1.1. Semiorthogonal decompositions. Let X be a smooth projective variety and let D^{X) be 
its bounded derived category of coherent sheaves. 

Definition 1.1. A semiorthogonal decomposition of T)^{X) is a sequence of full triangulated 
subcategories Ti,...,Tm ^ D^{X) such that IIomQb(x)(Ti, Tj) = 0, for i > j and, for all 
G E T)^{X), there exists a chain of morphisms in D^[X) 

= Gm — ^ Gm-1 — > . . . — ^ Gi — ^ Go = G 

with cone(Gi — t- Gi_i) € Tj, for all i = l,...,m. We will denote such a decomposition by 
Db(X) = (Ti,...,T„). 

Definition 1.2. An object F £ D^{X) is exceptional if HomDb(x)(i^, -F) = C and Hom^b(Y)(-^' ^) = 
0, for all p 0. A collection {Fi, . . . , Fm} of objects in D^(X) is called an exceptional collection if 
Fi is an exceptional object, for all i, and Hom^^, ^^^^{Fi, Fj) = 0, for all p and all i > j. 

Remark 1.3. An exceptional collection {Fi, . . . , Fm} in T)^{X) provides a semiorthogonal decom- 
position 

D'^(X) = {T,Fi,...,Fm), 

where, by abuse of notation, we denoted by Fi the triangulated subcategory generated by Fi 
(equivalent to the bounded derived category of finite dimensional vector spaces). Moreover 

T := (Fi, . . . , Fm)^ = |g G D^{X) : HomP(Fi, G) = 0, for ah p and i} . 

Similarly, one can define '^{Fi, . . . , Fm) = {G € T : Hom^(G, Fi) = 0, for all p and i}. 

Let F € D^{X) be an exceptional object. Consider the two functors, respectively left and 
right mutation, Lip, Hp : D^{X) — t- T)^{X) defined by 

Lf{G) := cone (ev : RHom(F, G) F ^ G) 

^^'^'^"^ Rf(G) := cone (ev^^ : G ^ RHom(G, F)"^ ® F) [-1], 

where RHom(— ,— ) := Qpiiom^^^^^^{—,—)[—p]. More intrinsically, let L±p and ip± be the full 
embeddings of -^F and F-^ into D^(X). Denote by t*^ and the left and right adjoints of i±p 
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and by i*p,j_ and l'^,^ the left and right adjoints of Lp± . Then Li;' = Lp± o , while Hp = i'±po l'^^, 
(see, e.g., [37, Sect. 2]). 

The main property of mutations is that, given a semiorthogonal decomposition of D^(X) 

(Ti, . . . , Tfc, F, Tfc+i, . . . , T„), 

we can produce two new semiorthogonal decompositions 

(Ti, . . . , Tfc, Lir(Tfc+i), F, • • • > T„) 

and 

(Ti, . . . , Tfc_i, F, Ri7'(Tfc), Tfc+i, . . . , T„). 

Let us make precise the relation between left and right mutations that will be used throughout 
the paper. Denote by Sx = (— ) ® wx[dim(X)] the Serre functor of X. We have the following 
lemma (which actually works more generally for any admissible subcategory in T)^{X)). 

Lemma 1.4. If F is an exceptional object then Hg^^p-^ is right adjoint to Lip while Rp is left 
adjoint to Jj p. 

Proof. This follows from the remark that '^{Sx{F)) = F-^ and using adjunction between the 
functors ijj, and for D equal to '^F or to F-^ . □ 

1.2. ACM bundles on cubics. Let 1" be a smooth cubic n-fold, namely a smooth projective 
hypersurface of degree 3 in P"+^. We set Oy{H) := Of,n+i{H)\Y ■ According to Remark 1.3, as 
observed by Kuznetsov, the derived category D^(y) of coherent sheaves on Y has a semiorthogonal 
decomposition 

(1.2.1) D'^(y) = (Ty, Oy, Oy{H), . . . , Oy((n - 2)H)), 

where, by definition, 

Ty := (Oy,...,Oy(n-2))^ 

= {g G D^(y) : Hom^t,(y)(Oy(«^),G) = 0, for ah p and i = 0, . . . , n - 2} . 
Let us first recall the following definition. 

Definition 1.5. (i) A vector bundle F on a smooth projective variety X of dimension n is arith- 
metically Cohen- Macaulay (ACM) if dimii"*(A, F{jH)) = 0, for alH = 1, . . . , n — 1 and all j G Z. 
(ii) An ACM bundle F is called balanced if /i(F) G [-1,0). 

The following lemmas show that the category Ty and stable ACM bundles are closely related. 

Lemma 1.6. Let Y C P"+^ be a smooth cubic n-fold. Let F be a balanced fi-stable ACM bundle 
with rk(F) > 1. Then F G Ty. 

Proof We want to show that /i*(y, F{-jH)) = for all i £ Z and j G {0, . . . , n - 2}. Since F is 
ACM, we already have that h^{Y, F{—jH)) = for i G {1, . . . ,n — 1} and any j. Hence, we only 
need to prove that h^{Y, F{-jH)) = h'^iY, F{-jH)) = for j G {0, . . . , n - 2}. But, on the one 
hand, we have 

h\Y,F{-jH)) = hom{OY{jH),F) = 0, 
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for j ^ 0, since F is /i-semistable with n{F) < 0. On the other hand, 

h^{Y,F{-jH))=exe{OY{jH),F) = hom{F,OY{{-n + l+j)H)) = 0, 

for —n + 1 + J < —1, because F is /U-semistable with —1 ^ fJ'iF). It remains, to prove that the 
vector space Hom(F, OY{{—n + 1 + j)H)) is trivial for j = n — 2. But this is immediate, since F 
is a /i-stable sheaf of rank greater than 1. □ 

Remark 1.7. The previous lemma is slightly more general. Indeed, the same proof works for a 
balanced ACM bundle of rank greater than one, if it is ^-semistable and Hom(F, Oy{—H)) = 0. 

Remark 1.8. When n = 4, the Serre functor of the subcategory Ty is isomorphic to the shift by 
2 (see [35, Thm. 4.3]). Thus, as an application of the result above and [39, Thm. 4.3], one gets 
that the smooth locus of any moduli space of //-stable ACM vector bundles on Y carries a closed 
symplectic form. 

Lemma 1.9. Let Y C P"+i be a smooth cubic n-fold and let F G Coh(y) n Ty. Assume 
H\Y,F{H))=0 

1.2.2 

H\Y,F{{l-n)H)) = ... = H''-\Y,F{{l-n)H)) = 0. 
Then F is an ACM bundle. 

Proof. We start by proving that H^{Y, F{jH)) = 0, for all i = 1, . . . , n — 1 and all j S Z. Denote 
hy i : Y P"+i ^j^g embedding of Y. For m G Z, we recall the Beilinson spectral sequence from 
[28, Prop. 8.28]: 



EP,<i H\¥^+\i,F{p + m)) ® Vl-^U-p) EP+'i 



F{m) if p + q = 
otherwise. 



We first consider the case when m = 1. Since F G Ty , we have E^''^ = 0, for p = — n+l, . . . , — 1 
and all q. By assumption, E^''^ = 0, also for p = —n and q = 1, . . . ,n — 1, and E^'^ =0. As a 
consequence, all the differentials dr^~^''^ = 0, for all g = 1, . . . , n — 1 and all r > 0. Hence, 
E^^~^''^ = 0, for all g = 1, . . . , ?i — 1. A similar argument shows that E^''^ = 0, for all g = 1, . . . , n. 
Summing up, we have the following vanishing: 

(1.2.3) H\Y, F{jH)) =0, for alH = 1, . . . , n - 1 and ah j = -n, . . . , 0, 1 

(1.2.4) H^{Y,F{jH)) = 0, for ah j ^ 

(1.2.5) iJ"(y, F{jH)) = 0, for aU -n + 2. 

Now, on the one hand, by using the Beilinson spectral sequence for m > 1 and the vanishing 
(1.2.3) and (1.2.4), we can prove by induction on m that 

(1.2.6) H'{Y, F{jH)) =0, for alH = 1, . . . , n - 1 and ah j ^ 0. 
On the other hand, for m < 1, the vanishing (1.2.3) and (1.2.5) show 

H\Y, F{jH)) =0, for all i = 1, . . . , ?i - 1 and ah j > 0. 
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To finish the proof of the lemma, we only need to show that F is locally-free. Hence, it is 
enough to prove that £xf{F, Oy) = 0, for all i > 0. For /c € Z, consider the local-to-global spectral 
sequence 

(1.2.7) El^\k) = HP{Y,£xt''{F{k),OY)) ExtP+«(F(A;), Oy ). 

Assume, for a contradiction, that Sxf^FjOy) ^ for some i > 0. Then, for A: ^ 0, E2'\k) ^ 0, 
while £'2'* (A;) = for p > 0. From the spectral sequence and Serre duality, we deduce that 
H'^-i{Y,F{{k-n + l)H)) / 0, for i = 1, . . . , n and for A: < 0, contradicting (1.2.6) and (1.2.4). □ 

Finally, for later use, we recall how to construct autoequivalences of Ty (not fixing Coh(y) n 

Ty). 

Lemma 1.10. Let Y C P"+^ he a smooth cubic n-fold. Then, the functor 

e:Ty^Ty, F^\.Oy{F®Oy{H)) 
is an autoequivalence o/Ty. 

Proof. Clearly JjQy ® Oy{H)) belongs to Ty and the inverse of is given by the exact functor 
e-i(-) :=Oy(-F)»Ro,.(-). □ 

Let us revise a classical example under a slightly different perspective. 

Example 1.11. Denote by 9JTy(?;) the moduli space of /i-stable torsion- free sheaves E oxiY with 
V := ch{E) = (2, —H, —1/2, 1/2), and let F{Y) be the Fano surface of lines contained in a cubic 
threefold Y . In [14, Thm. 1] it is proven that there exists a connected component lUly(t') C 9J{y(u) 
consisting of //-stable ACM bundles such that 9Ky(u) = F{Y). 

This can be obtained by using a slightly different approach. First of all, observe that the ideal 
sheaves of lines Xi G Ty , for all / C K and F{Y) is the moduli space of these sheaves. By applying 
0[— 1] (see Lemma 1.10), we get an exact sequence in Coh(y) 

(1.2.8) ^ F; := Q{Zi)[-l] ^ Oy ®c H\Y,1i{H)) ^ li{H) ^ 0. 

In particular, all F; are torsion-free sheaves with Chern character v. By (1.2.8) and Lemma 1.9, 
we deduce that Fi are all ACM bundles. Since they belong to Ty, we have H^{Y,Fi) = and as 
they have rank 2, this shows that they are /x-stable. By construction, the Fano variety of lines is 
then a connected component of 9Jty (f). 

By [14, Lem. 1], the connected component 9Jty(f) can also be characterized as the component 
of 9Jty (v) consisting of /t-stable torsion-free sheaves G satisfying H^{Y, G) = and H^iY, G{H)) 7^ 
0. Also, by Lemma 1.6 and by [13, Thm. 4.1 & Prop. 4.2], all balanced /x-stable ACM bundles G 
with Exti(G, G) ^ C2 are in Tl'yiv). 

Remark 1.12. Let us remark that the original proof in [14] of the result in Example 1.11 relies on 
the so called Serre' s construction which we briefly recall it in a more general form (e.g. [4]). Let X 
be a smooth projective manifold of dimension at least 3 and let F be a rank r vector bundle on X 
which is spanned by its global sections. The dependency locus of r — 1 general sections si, . . . , s^-i 
of F is a locally complete intersection subscheme V of codimension 2 in X. If L = det(F), then 
the twisted canonical bundle Ky ® is generated by r — 1 sections. 
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Conversely, let V a codimension 2 locally complete intersection subscheme of X and let L be 
a line bundle on X such that H^{X, L~^) = 0. If Ky ® is generated by r — 1 global sections, 
then V can be obtained as the dependency locus of r — 1 sections of E. 

This construction is pervasive in the literature and it has been extensively used in various 
works to produce examples of stable ACM bundles. 

1.3. Quadric fibrations. The results of [36] on the structure of the derived category of coherent 
sheaves on a fibration in quadrics will be the basic tools to study the derived category of cubic 
threefolds and fourfolds (containing a plane). We briefly summarize them here. 

Consider a smooth algebraic variety S and a vector bundle E of rank n on S. We consider the 
projectivization q : Fs{E) S of E on S endowed with the line bundle Opg(^E)/s{^)- Given a line 
bundle L on S and an inclusion of vector bundles a : L ^ Sym^E'^, we denote by a : X ^ Fs{E) 
the zero locus of a and by vr : X — )• 5 the restriction of g to X. It is not difficult to prove that vr 
is a flat quadric fibration of relative dimension n — 2. The geometric picture can be summarized 
by the following diagram 

X^ ^ Fs{E) 

The quadric fibration vr : X — )• 5 carries a sheaf of Clifford algebras. In fact, is the 
relative sheafified version of the classical Clifford algebra associated to a quadric on a vector space 
(more details can be found in [36, Sect. 3]). As in the absolute case, B^j has an even part Bq whose 
description as an Os'-module is as follows 

Bo^Os® {/\^E L) e (A^^ (g) L^) e . . . 

The odd part Bi of B^ is such that 

Bi^E® {A^E L) e (A^^ L^) e . . . 

We also denote B2i = Bq and B2i+i = Bi L~\ 

We write Coh(S', Bq) for the abelian category of coherent So-modules on S and D'^(S', Bq) for 
its derived category. 

Theorem 1.13 ([36, Thm. 4.2]). If tt : X ^ S is a quadric fibration as above, then there exists a 
semiorthogonal decomposition 

D\X) = (Db(S, Bo), 7r*{B\S)) Ox/sil),-^* {^\S)) ® Ox/s(.2), 7r*{B\S)) ® Ox/sin - 2)), 

where D^{S,Bo) is the derived category of coherent sheaves of Bq -modules on S. 

In order to make this result precise, we need to give the definition of the fully faithful functor 
D^{S,Bo) — )• D^(X) providing the embedding in the above semiorthogonal decomposition. The 
exact functor <I> := <!>£•/ : D^{S,Bo) — )■ D^(X) is defined as the Fourier-Mukai transform 

^£'i-) :=vr*(-)®.*Bo^:', 
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where 8' G Coh(X) is a rank 2" ^ vector bundle on X with a natural structure of flat left 7r*fio- 
module defined by the short exact sequence 

(1.3.1) q*Bo ® Op^(z,)/5(-2) q*Bi ® 0^^^e)/s{-^) «*^' 0. 
In the notation of [36, Lem. 4.5], £' = ^. The left adjoint functor of $ is 

(1.3.2) ^{-) ■.= t:*{{-)(^Ox£®Ox det^'^[n-2]), 

where E G Coh(X) is another rank 2^~'^ vector bundle with a natural structure of right 71*3^- 
module (see again [36, Sect. 4]). The analogous presentation of £ is 

(1.3.3) q*B.i ® Op^(s)/s(-2) q*Bo ® Op^(s)/s(-l) a,£ 0. 

In the notation of [36, Lem. 4.5], £ = £-ifl. 

The category of fio-™odules may be hard to work with directly. In some cases, we can reduce 
to a category of modules over a sheaf of Azumaya algebras, which is easier to deal with. We 
conclude this section by recalling this interpretation (see [36, Sections 3.5 & 3.6]). We define 
Si C S to be the degeneracy locus of vr, namely the subscheme parameterizing singular quadrics, 
and S2 C Si the locus of singular quadrics of corank ^ 2. We have to consider two separate cases, 
according to n being even or odd. 

n even. Let f : S ^ S he the double cover of S ramified at Si. 

Proposition 1.14. There exists a sheaf of algebras Aq on S such that /*^o = ^0 (^iT-d 

: Coh{S,Ao) ^ Coh(5,So) 

is an equivalence of categories. Moreover, the restriction of Aq to S2 = f~^{S2) is a sheaf of 
Azumaya algebras. 

This will be the case for cubic fourfolds containing a plane. If the cubic is generic, then Si is 
smooth and 5*2 is empty. 

n odd. Let / : S" — t- S be the the stack of 2'^'^ roots of 05(5"!) along the section Si. An object of 
this stack over T — )• 5 is a triple (L, 0, 6), where L is a line bundle over T, <j) is an isomorphism of 
with the pullback of 05(51) to T and 5 is a section of L such that (j){6'^) = Si (see [3, 18]). 

Proposition 1.15. There exists a sheaf of algebras Aq on S such that f*Ao = Bq and 

f, : Coh{S,Ao) ^ Coh{S,Bo) 

is an equivalence of categories. Moreover, the restriction of Aq to S2 = f~^{S2) is a sheaf of 
Azumaya algebras. 

This will be the case for any cubic threefold. In fact, since we assume from the beginning that 
a cubic threefold is smooth, then Si is smooth and S2 is empty. 
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2. Cubic threefolds 

This section contains the proofs of our main results on ACM bundles on cubic threefolds. The 
goal is to generalize a result of Casanellas-Hartshorne on Ulrich bundles. 

As explained in the introduction, the idea is to use Kuznetsov's results on quadric fibrations, 
to reduce the problem of studying ACM bundles on a cubic threefold to the study of complexes of 
sheaves on with the action of a sheaf of Clifford algebras Bq. 

The main technical parts are Sections 2.2 and 2.3; there we prove some results on moduli 
spaces of objects in D^(P^,;Bo), which are stable with respect to a Bridgeland stability condition. 
We come back to Ulrich bundles on cubic threefolds in Section 2.5. 

2.1. The setting. Let y C be a cubic threefold. Let Iq <^Y he a general line and consider the 
blow-up P of P^ along Iq. By "general" we mean that, if I is any other line meeting Iq, then the 
plane containing them intersects the cubic in three distinct lines (we just avoid the lines of second 
type, see [24, Def. 6.6]). We set g : P — )• P^ to be the P^-bundle induced by the projection from 
If) onto a plane and we denote by Y the strict transform of Y via this blow-up. The restriction of 
g to y induces a conic fibration vr : 1" — )• P^. The geometric picture can be summarized by the 
following diagram 




In particular, the vector bundle on 5 = P^ introduced in Section 1.3 is now O^i © 0^2 (—/i). 
Set D C y to be the exceptional divisor of the blow-up o" : y — t- y. We denote by h both the 
class of a line in and its pull-backs to P and Y. We call H both the class of a hyperplane in P^ 
and its pull-backs to Y, P, and Y. We recall that OyiD) = OyiH — h), the relative ample line 
bundle is Op{H), the relative canonical bundle is 0^{h — 3H), and the dualizing line bundle ujy is 
isomorphic to Oy{—h — H) (see, e.g., [35, Lem. 4.1]). 

The sheaf of even (resp. odd) parts of the Clifford algebra corresponding to vr, from Section 
1.3, specializes in the case of cubic threefolds to 

Bo ^ Op2 © Op2(-/i) © Op2(-2/i)®2 

(2.1.1) 

^1 = o®2^ © Op2(-/i) e Op2(-2/i), 

as sheaves of C'p2-modules. The rank 2 vector bundles £' and £ sit in the short exact sequences 
provided by (1.3.1) and (1.3.3) respectively, where L = Oyi—h). 

Following [35] and [13, Sect. 2.1], one can give a description of the full subcategory Ty in 
the semiorthogonal decomposition (1.2.1) of T>^{Y). Indeed, first consider the semiorthogonal 
decomposition of T)^(Y) in Theorem 1.13 and the one 

D^y) = {a*{TY),Oy,Oy{H),uOD,uOD{H)) 

obtained by thinking of Y as the blow-up of Y along /q and using the main result in [50] . Then 
one shows that 

Ro^i-h) o ^(D^(p2,^o)) = (cT*Ty, Oy{h - H)) 
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and thus we get a fully faithful embedding 

(2.1.2) H3 := {a, o Ro^(_/,) o <D)-i : Ty ^ D'^(p2, fio)- 

Note that, in view of [13, Prop. 2.9(i)], H3(Ty) is the right orthogonal of the category generated 
by Bi in D^(p2,fio)- 

Remark 2.1. For all m G Z, we have ^{Oy{mh)) = (see, e.g., [13, Ex. 2.4]). Thus, if F G Ty, 
then H3(F) = ^(F). 

2.2. Bo-modules and stability. Our first goal is to study moduli spaces of stable ;Bo-™odules. 
In this section we present how the usual notion of stability extends to our more general situation. 

Let K{^^,Bq) := i<:(D^(P^Bo)) denote the Grothendieck group. For objects in D'^(P^So) 
we can consider the Euler characteristic 



A class [A] G K{¥'^,Bo) in the Grothendieck group is numerically trivial if x([-^^]i [^]) = 0, for 
all [M] G K{F'^,Bo). We define the numerical Grothendieck group J\f{F'^,Bo) as the quotient of 
K(F'^,Bo) by numerically trivial classes. 

Given K G D^{¥^,Bo), we define its Chern character as 

ch{K) := ch(Forg(K)) G ^(F^) ® Q = H*{F^,Q) ^ Q®^ 

where Forg : D'-'(P^,i3o) — >• D^(P^) is the functor forgetting the i3o-action. By linearity the Chern 
character extends to K{F'^,Bo); it factors through 7\A(P^,^o)- 

Remark 2.2. (i) By [13, Prop. 2.12] we have M{F'^,Bo) = Z[Bi] Z[Bo] Z[5_i]. The Chern 
characters ch(;S_i) = (4, —7, ^), ch(Bo) = (4, —5, |), and ch(Bi) = (4, —3, |) are linearly indepen- 
dent. Hence, the Chern character induces a group homomorphism A/'(P^,i3o) — )• i^(P^) that is an 
isomorphism over Q. 

(ii) If / C y is a line and Ii is its ideal sheaf, by [13, Ex. 2.11], we have 

^ ^ [Es{li)] = [Bi]-[Bo]eAf{F^Bo) 

2.2.1 

ch(S3(X0) = (0,2,-2). 

(iii) Note that [B2] = [B-i] - 3[Bo] + 3[Bi] and [B.2] = 3[5_i] - 3[Bo] + [^i]. 

(iv) Given [F] = x[B-i] + y[Bo] + z[Bi] or ch([F]) = (r, ci,ch2), we can compute the Euler 
characteristic as a ;So-module with the following formulas 

x{F, F) = + + + 3xy + 3yz + Qxz 
(2-2.2) 7 1 1 

(v) Let F G K{F'^,Bo), such that ch(F) = (0, 2d, z). Then 
(2.2.3) x{Bi,F) = z + 2d and xi^o, F) = z + 3d. 

We define the Hilbert polynomial of a i3o-module G as the Hilbert polynomial of Forg(G) 
with respect to Of>2{h). Then, the notion of Gieseker (semi)stability is defined in the usual way. 
Moduli spaces of semistable ;So-modules have been constructed by Simpson in [52, Thm. 4.7]. 
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We can also consider the slope stability for torsion-free sheaves in Coh(P^,5o)- Indeed, we 
have two natural functions rank and degree on A/'(P^,i3o): 

rk : AA(p2, Bo) ^ Z, i\i{K) := rk(Forg(J^)) 

deg : AA(p2,Bo) ^ Z, deg(i^) := ci(Forg(i^)).ci(Op2(/i)). 

Given K € Coh(p2, Bq) with iV{K) / 0, we can define the slope ^i{K) := deg{K)/Tk{K) and the 
notion of //-(semi)stability in the usual way. When we say that K is either torsion- free or torsion 
of dimension d, we always mean that Forg(i<r) has this property. 

Remark 2.3. As the rank of Bq and Bi is 4, a consequence of [13, Lem. 2.13(i)] is that these two 
objects are /i-stable. Moreover, all morphisms Bq — t- Bi are injective. 

We will need to study stability for objects in D''(P^,;Bo) which are not necessarily sheaves. 
To this end, we briefly recall the concept of Bridgeland stability condition. For all details we refer 
to [17, 33]. 

Definition 2.4. A (numerical, full) Bridgeland stability condition on D^(P^,;Bo) consists of a pair 
a = {Z, A), where 

• Z :AA(p2,5o) ^C, 

• A is the heart of a bounded t-structure on D^(F'^,Bq), 
satisfying the following compatibilities: 

(a) For all / G G A, 

Z{G) £{z£C* : z=\z\ exp{iTT(l)), < (/) ^ 1}; 

(b) Harder-Narasimhan filtrations exist with respect to cr-stability, namely for any 7^ G G A, 
there is a filtration in A 

= Go C Gi C . . . C G/vf = G 

such that Fi := Gi/Gi-i is u-semistable and 4>{Fi) > . . . > ^(F/v). 

(c) the support property holds, namely there exists a constant G > such that, for all a- 
semistable F G A, 

\\F\\ ^ G- |Z(F)|. 

In the previous definition, we used the following notation: by (a), any 7^ G G A has a phase 
(t>{G) := ^arg(Z(G)) G (0,1]. The notion of c-stability in (b) is then given with respect to the 
phase: G G A is a -(semi) stable if, for all subobjects G' C G in A, (j){G') < {^)(j){G). Finally, we 
denoted by || — || any norm in A/'(P^, ;Bo) ® I^- The support property is necessary to deform stability 
conditions and for the existence of a well-behaved wall and chamber structure (this is [16, Sect. 9]; 
the general statement we need is [8, Prop. 3.3]). 

We will only need a special family of stability conditions on D^(P^,;Bo)- 

Definition 2.5. For m G M>o, we define 

Zm:M{F^Bo) C 

rr^i n 9r Cl ch2 ^— -, , 

\r \ I — > rm \- m\/ — l(r + c\), 

^ ^ 64 2 2 ^ ^ ^' 
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where ch([F]) = (r, ci,ch2). 

By the exphcit computations in Remark 2.2, 



lb 



+ my — 1 

16 

To define an abehan category which is the heart of a bounded t-structure on D^(P^,;So), let 
T, F C Coh(5, /3) be the following two full additive subcategories: The non-trivial objects in T 
are the sheaves A E Coh(P^,;Bo) such that their torsion-free part has Harder-Narasimhan factors 
(with respect to ^-stability) of slope fi > —1. A non-trivial twisted sheaf A G Coh(P^,;6o) is an 
object in F if A is torsion-free and every ^-semistable Harder-Narasimhan factor of A has slope 
/i ^ — 1. It is easy to see that (T, F) is a torsion theory and following [16], we define the heart of 
the induced t-structure as the abelian category 

• ^^(^)=Ofor2 0{-l,O}, 
A€B^{F\Bo) : • n~H^)^F, 

• n^{A) G T 

By Remarks 2.2 and 2.3, Bo[l],Bi,Es{Ii) G A. 

Lemma 2.6. The pair am ■= {Zm,-^) defines a stability condition in D^(P^,;Bo); for all m > ^. 

Proof. This follows exactly in the same way as in [16, Prop. 7.1 and Sect. 11] and [55, Prop. 3.13]. 
The only non-standard fact that we need is a Bogomolov-Gieseker inequality for torsion-free /i- 
stable sheaves. This can be deduced by Serre duality as follows: Let A G Coh(P^,Bo) be a 
torsion-free //-stable sheaf. Then, by [13, Lem. 2.16] and Serre duality (see, e.g., [13, Prop. 2.9]), 
we have h.oTP?{A,A) = h.om.{A, A B-i) = 0. Hence, x(^,^) = 1 - hom^(yl, ^) ^ 1 gives the 
desired inequality. 

By proceeding as in [55, Sect. 3], to prove the lemma we only have to show property (a) in 
the definition of stability condition. Let ^ be a torsion-free /x-stable sheaf. Assume further that 
Ijl{A) = -1, and so Im(Zm([^])) = 0. By (2.2.2) and the fact that r > 0, we have 

2 9r Ci ch2 If t A A\ 22 1/ \2 



Re(Z„([^])) = rm^-_-^-_l = - \^-x{A, A) + m'r' - ^ (r + ci) 

We need to prove the inequality Re(Zm([A])) > 0, namely -x{A, A)+m?r'^ > 0. By [13, Lem. 2.13], 
r ^ 4, and so for all m > ^, we have Re(Zm([^])) > 0, as we wanted. □ 

We also observe that all the arguments in [54] generalize to the non-commutative setting (see 
also [41, 42]). In particular, for all m > |, it makes sense to speak about moduli spaces of am- 
semistable objects in A as Artin stacks (of finite-type over C, if we fix the numerical class), and 
about moduli space of Um-stable objects as algebraic spaces. 

Remark 2.7. As in [43, Lem. 5.5], the objects Bq\1] and Bi are cJm-stable, for all m > 4. 
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2.3. Moduli spaces of stable Bo-modules: general results. By keeping in mind (2.2.1), we 
are interested in the following moduli spaces of Gieseker semistable sheaves in (P^,So): 

Definition 2.8. Let d ^ 1. We denote by dJld the moduli space of semistable ;6o-modules with 
numerical class d[Bi] — d[Bo], or equivalently, with Chern character (0,2d, — 2d). We denote by 
QJt^ C Tld the open subset of stable ^So-modules. 

Example 2.9. Let C" C 1^ be a rational curve of degree d. Note that, using for example [53, 
Thm. 62] , one can see that there exists a 2d-dimensional family of smooth rational curves of degree 
d on Y. We can consider the following construction due to Kuznetsov [34, Lem. 4.6]. Set 

(2.3.1) Fd := LoriuOc'id - 1))[-1] = ker (^H\Y,i,Oc'id - 1)) <S) Oy ^ i.Oc>{d - 1)) G Ty. 

where i : C ^ Y . Then H3(F^) G (-Bi)"*"- Suppose that C" n /q = 0. Denote by j the composition 
C ^Y ^ p2. We can assume that C := j{C') is an irreducible nodal curve. Arguing as in [13, 
Ex. 2.4], we conclude that 

S3(i^d) = 3*{£ ® Oc'{-l)) ® Op2(2/i). 
So Forg(H3(F£;)) is a rank 2 vector bundle supported on C and ^.■^{Fd) G QJt^. 

Example 2.10. We can specialize the previous example to the case in which C" C y is a line / 
which does not intersect Iq, namely d = 1. In such a case, we have F^ = Ii and 

(2.3.2) E3(Ii)^U£\i)^OMh). 
Moreover, we have an isomorphism as 0^2 -modules 

Es{Ii)^Oi(BOii-h). 
Indeed, by (2.2.1), the Chern character of ^^(11) as C'p2-module is 

ch(Es{Ii)) = (0,2,-2), 
Therefore, E^iZi) = Oi{a) ® Oi{—l — a), for a G Zjjq. Since, by [13, Lem. 4.8], we have 

= HomDb(p2,B„)(^o(^),H3(X/)) = Homp2(Op2, OK« " 1) © Oi{-2 - a)), 
we deduce that a = 0, as we wanted. 

It is a standard fact that the assignment 

r ■.md^\0^2{d)\ supp Forg(G) . 

extends to a morphism which is well-defined everywhere. Theorem A becomes then the following 
statement: 

Theorem 2.11. The moduli space OK^ is irreducible and, for a general curve C G |C'p2((i)|, we 
have 

T-^{C) = y JC, 

where JC = {L G PicC|L is algebraically equivalent to Oc} is the Jacobian of C . Moreover, the 
stable locus 9JT^ is smooth of dimension d^ + 1. 
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Before proceeding with the general proof which is carried out in the next section, we examine 
the easy case d = 1: 

Proposition 2.12. The moduli space dJli = SOTf is isomorphic to the Fano surface of lines F{Y) 
blown-up at the line Iq. In particular, OJti is smooth and irreducible. 

To prove Proposition 2.12, we use wall-crossing techniques from [7] for the family of Bridgeland 
stability conditions am of Lemma 2.6. The precise result we need is the following lemma, whose 
proof is exactly the same as [43, Lem. 5.7]. 

Lemma 2.13. Let F gTIi. 

(i) If F ^ (Bi) then F is am-stable for all m > ^. Moreover, in this case F S A R H3(Ty). 
By [13, Thm. 4.1], F = S^ili), for some line I ^ Iq in Y . 

(ii) If F ^ iJSi)'^ , then F sits in a short exact sequence 

(2.3.3) ^ i3o ^ Si ^ F ^ 0, 

and F becomes am-semistable for m = ^ with Jordan-Holder filtration 

Bi^F^Boil]. 

By [13, Example 2.11], the object H3(X;„) sits in the distinguished triangle 

Bo[l] ^ E^ili,) ^ Bi, 

which is the Harder-Narasimhan filtration of H3(X^g) for m > mo := Thus, all such extensions 
(2.3.3) get contracted to ^^{Iig) which is indeed am-stable for m £ (mo — £, mo). The wall-crossing 
phenomenon described in [43, Sect. 5.2] carries over and this proves Proposition 2.12. 

2.4. Proof of Theorem 2.11. The argument is divided into various steps. 

Step 1: Deformation theory. For any G G QJtrf, we have x{G,G) = — d^. Hence, to prove that 9Jt^ 
is smooth of dimension -|- 1 it is enough to show that, it is non-empty and 

Hom^b(p2 ,gQ)(G', G) = 0, 

for any G G Tld- 

The fact that 9JT^ is non-empty follows from Example 2.9 or from the next step. The vanishing 
of Hom^b(p2 gjj)(G, G) follows directly from Serre duality and the fact that ch2(G (8>go B-i) < 
ch2(G). 

Step 2: Fibres ofT : 5Jt^ — )• 10^2(6^)1. We claim that for a nodal curve C £ \Op2{d)\, 

T~^{G) ^ y Pic° C. 

Recall that the conic fibration vr degenerates along a smooth quintic A C P^. Hence, by 
Proposition 1.15, we can consider the stack over P^ of 2^^^^ roots of Cp2(A) along the section 
A. We denote by '0 • P^ ~^ P^ the natural projection. We then have an equivalence of abelian 
categories 

(2.4.1) V'* : Coh(]p2, ^o) ^ Coh(p2, So). 
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Given a curve C C we can restrict this construction to : C ^ C where C is a twisted 
curve (stack of 2"^^ roots of (C, A|(-,)). The restriction Ao\^ is a sheaf of (trivial) Azumaya algebras, 
i.e., there exist a vector bundle of rank 2, Ec,o G Coh(C), such that Ao\q = £nd{Ec,o) and 

Coh(C) ^ Coh(C, Ala) ^ Coh(C, Sole) 
G ^ G®El^^ ^ V*(G®^^^o) 

is an equivalence of categories. In particular, 

(2.4.2) Bo\c = M£nd{Ec,o)). 

We will denote by Ylt=iP'>- (possibly non-distinct). Abusing notation we will denote by 
^Pi the section in C corresponding to the 2°^-root of pi. An invertible sheaf on C is of the form 
V-^L® Ogl^X;.^! ^Pi^ where L G Pic(C) and G {0, 1} (see [18, Cor. 3.1.2]). 

Consider the following sequence 

bd 

M£nd{Ec,o)) ^ A{£nd{Ec,o) ^ OqI^^^?!^ -A MSnd{Ec,o)) ^ Oc{d), 

1=1 

given by multiplication with the section of Oq(^Y1^=i ^Pi^ (see [18, Cor. 3.1.3]) and taking -;/'*• By 
definition of Ec\o (see (2.4.2)), the first term is isomorphic to BqIq and the last one is isomorphic 
to ;So(/i)|c. Moreover, since C is the stack of 2^^*^ roots of (C, A|(^), the factorization /2 o fi of 
13o\(j — )■ Bo{h)\(j corresponds to the structure of even and odd part of the Clifford algebra and 

(2.4.3) Bi\c^i^.[ £nd{Ec,o) ^ ( X] ^P*) ) ■ 

i=l 

Given any locally free sheaf E of rank 2 on C, we can consider it as the extension — t- Li — ?■ 
£J — )• L2 — J" of Li and L2, two invertible sheaves on C. Note that, after renumbering the points 
Pi and tensoring £^ by a line bundle, we can assume that 

(2.4.4) O^Oq^E^ ^I;*M ® Oq (\pi + ... + \pi^ ^ 0, 
for some k G {0, . . . bd}. 
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Now we consider E = Ec,o in an extension like (2.4.4) and we want to determine k. We have 
the following natural diagram of Og^-modules 

(2.4.5) 



Ec,o ® Ec,o ^ E^^ ® Oq ( Zti bi) 

Ecfi Ec,o ^ Oa( SSi ik) 

0, 



where the horizontal injections are given by multiplication with the section of Cg(^X]j=i ^Pi 
(see [18, Cor. 3.1.3]), and the vertical columns are the dual of (2.4.4) tensored with Ecfl- 
By (2.4.2) and (2.4.3), note that V'*(/2) gives the following exact sequence 

(2.4.6) Bole ^ilc cokerMf2) 0, 



Now, we want to compute coker 'i/'*(/i) and coker -(/'*( /a)- 
Using again (2.4.4) with E = Ecfl, we have 





— ^rM^OQ,[ Ell b^) — -r{M^ ociEli p^)) ® Oq ( E gfc+i b^) 

Ec,o Ec,o ^ Oq ( E -=1 bi) 

Oq Oq ( Egl b^) 







0, 
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By [18, Thm. 3.1.1], when we take "0* in the previous diagram we obtain the following exact 
diagram of Oc-modules 



M M OciEti P^) ©ti C{pi) 

V*^c,o — ^ V'* {Ec,o ® Oq ( E ■=! hi) ) coker V* (/s) 

Oc^= Oc 


The same argument with /i, gives that, as Oc'-modules, 

k 

cokeiip^ifi) = coker-i/'^C/s) = ^C(pi). 

i=l 

Therefore, by (2.4.5), we have ^ Op^® .. .®Op^ ^ T ^ Op^® .. .®Op^ ^ 0. As an Oc-module, 
x{C,Bi) — x{C,Bo) = 2d, so we have determined k = d. In particular, 

(2.4.7) ^ V'*M-i Oq (^^pi + ... + =^pd) ^ ^^,0 ^Oq^O. 

If C is irreducible, then we can assume that ip*E'^^ G OTt^, (we only need to get that 
ch.2{ip*EQ q) = —2d as an Op2, which we achieve after tensoring Eq^ by an element in Pic(C)). 
Hence, by (2.4.7), we get that 

5d 

(2.4.8) i^*{Elo<^OQ(^Y. ^Pi))^ forAiG{0,l}, 

i=d+l 

are 2^"^ distinct i3o | (^-modules in Tld- If C is irreducible then 

T-\C) ^\JJC. 

Step 3: DJld is irreducible. To prove the irreducibility of VJld, we follow the same strategy as in [32]. 
We first prove that DJtd is connected by simply following the same argument as in the proof of [32, 
Thm. 4.4]. Indeed, by Proposition 2.12, we know that SIJli is connected. Now ii 1 ^ di ^ d2 < d 
and di + d2 = d, we have the natural maps ^Pdi,d2 '■ ^di x ^d2 ~^ ^d sending the pair {Ei,E2) 
to El ® E2. Their images coincide with the semistable locus of SOT^, which is then connected by 
induction. The existence of a connected component in 971^ consisting of purely stable objects can 
be excluded by using an argument of Mukai as in the proof of [32, Thm. 4.1]. For the convenience 
of the reader, let us outline here some details. 
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The aim is to show that, if there exists a connected component Y of the moduli space 971^ 
consisting only of stable sheaves, then Y = SUt^. Take a point F £ Y and assume there is 
G £ 9Jtd \ Y. The arguments in [32, Lemma 4.2] and in [32, §4.3] show that we can essentially 
assume that there is a universal family J-" G Coh(y x with two projections p : Y x dJld — )• Y 
and q : Y X Tld — )• ^d- By the same argument as in Step 1, we have that Hom^b(p2 F') = 0, 

for all G' ,F' G 50^^. Hence a computation of local Exts shows that 

Ext°(g*G,-F) = Ext2(g*G, J") = 0, 

while Extp((7*G, is locally free of rank d? < 1 + cP = dim(y) (the last equality follows again 
from Step 1). If we replace G by F, we get a complex of Oy-modules 

(2.4.9) ^ ^0 A A2 ^ 

such that H'^{A*) = Extp(g*-F, (more generally, this holds for any base change S ^Y). 

It turns out that the point F £ Y is the degeneracy locus of the map a (see [32, Lemma 4.3]). 
Thus, blowing up Y at F, we get f : Z ^ Y providing, as in (2.4.9), a new complex of O^-mudules 

.f a' .f P' .f 

Aq ^ 9- A2 

with an inclusion f*AQ C Aq. Let D be the exceptional divisor in Z and let W' be the middle 
cohomology of 

A'q /Ml A'2 

If M := ^g//*y4o, then, by the same computations of the Chern classes as in [32, §4.4], we 
get c{W') = f*c{W) ■ c(— M). As the rank of W and W' are smaller than dim(y), one gets a 
contradiction as Cdim(y)(^') = while, using that Af = O^iF)), one shows that the component in 
degree dim(y) of f*c{W) • c{—M) is not trivial. 

Hence, to conclude that 971^ is irreducible, it is enough to show that it is normal. Since 
Hom^b(p2 Bo)(C) G) = for all G G "iSld, the Kuranishi map is trivial. Following then the notation 
of [32, §2.7], the quadratic part fi of the Kuranishi map is also trivial and the null-fibre F = fi~^{0) 
coincides with HomJ^b(p2 i3o)(^> G), which is obviously normal. Then we can apply [32, Prop. 3.8], 
i.e., if we consider a slice S of an orbit of a semistable point [q] of the corresponding Quot-space, 
we have that Osjg] is a normal domain. Since being normal is an open property, we can use 
the arguments of the proof of [32, Prop. 3.11] to prove that the locus R^^ of semistable points of 
the Quot-space is normal. A GIT-quotient of a normal scheme is normal, so dJtd is, since it is a 
GIT-quotient of R''. 

This finally concludes the proof of Theorem 2.11. 

Remark 2.14. When d = 1, the map T has a very natural and well-known geometrical interpreta- 
tion. In fact, given a ;Bo-™odule F supported on a general line / C P^, we can consider all the lines 
I' in Y such that H3(X;/) = F. By Proposition 2.12, we have to count the number of lines I' that 
map to / via the projection from Iq (where the lines that intersect Iq are mapped to the projection 
of the tangent space of the intersection point). The lines that intersect Iq form an Abel-Prym 
curve in F{Y), so they do not dominate |Op2(l)|. Hence, we need only to count the skew lines to 
^0 that map to I. The preimage of I via the projection is a cubic surface, so it contains 27 lines. 
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The line I intersects the degeneration quintic A in 5 points, which give us 5 coplanar pairs of hnes 
intersecting Iq. Hence we have 27—10 — 1 = 2^ hnes skew from that project to I. Indeed, if 
B1/q F{Y) is the blow-up of F{Y) along Iq, we have a finite morphism Bl^^ F{Y) — )■ |Op2(l)| which 
is 2^ : 1 (see, e.g., [10, Proof of Thm. 4]). 

For applications to stable sheaves on cubic threefolds, as in Lemma 2.13, we consider the 
subset 

Proposition 2.15. The subset is open and dense in SUt^. 

Proof. We follow the notation of the previous proof, and we denote by Ecfi G Coh(C') the vector 
bundle of rank 2, such that 

Coh(C) ^ Coh{d,Ao\c) ^ Coh{C,Bo\c) 

G ^ GC^E^^Q ^ i^^G^E^^^) 

is an equivalence of categories and ip^E^^ G Tl^- 

We denote by Ec,i G Coh(C) the rank 2 vector bundle such that V*(-E'C,i ^co) ~ ^i\c- 
From the previous proof it follows that Ec,i = Ec,o ® C'c( iP^) (^^^ (2.4.3)). Let F G Tld- 
Recall that xi^ijE) = (see (2.2.3)). Hence HomJ^b(p2 gg)('Bi, F) = Hom|^b(p2 gg)('Si, F). Since 
H3(Fd) G aHrf n (^i)"^ (see Example 2.9), we have that 

e^;,. , = {L G T"^(C) I L (g) Ec,i has sections} 

IS a proper subset. More precisely, by [18, Cor. 3.1.2], T~^{C) \ @Ec,^ 

is an open dense subset 

in T~^{C) (in each component JG is the complementary of a divisor). By semicontinuity, over a 
general curve G G |C'p2((i)|, T~'^{G) H (^i)"'" is an open dense subset in T~^{G). □ 

2.5. Ulrich bundles. We now apply the results on ;Bo-modules of the previous section to study 
Ulrich bundles on a cubic threefold Y . The goal is to prove Theorem B from the introduction. 

Definition 2.16. An ACM bundle F on F is called Ulrich if the graded module H^{Y,F) := 
^^^^ {Y, F{mH)) has 3rk(F) generators in degree 1. 

We refer to [21, Sect. 1] for the basic properties of Ulrich bundles on projective varieties. In 
particular, we recall the following presentation of stable Ulrich bundles due to the Harthsorne-Serre 
construction 

Lemma 2.17. A stable Ulrich bundle F of rank r on a cubic threefold Y admits the following 
presentation 

(2.5.1) ^ OYi-H)®"-^ ^ F ^Ic^Oriir- l)H) 0, 

where G is a smooth connected curve of degree ^^—^ and arithmetic genus r^ — 2r2 + 1. 

Proof. By definition, F{H) is generated by global sections, so G := coker(C'y (— ff)®^'~^ F) is a 
torsion- free sheaf of rank 1. By choosing the sections appropiately, we get that G = Zq ® Oy{sH), 
where C C y is a smooth curve. By [21, Lem. 2.4(iii)], we have ci{F{H)) = r, so s = r — 1. 
Since h^{Y,Zc) = 0, C is connected. By [20, Prop. 3.7], we have that degC = and by 

Riemann-Roch we get Pa{G) = r^ — 2r^ + 1. □ 
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From Lemma 2.17 it is standard to compute the Chern character of an Uhich bundle F of 
rank r, by using Hirzebruch-Riemann-Roch: 

(2.5.2) ch(F) = (r,0,-r • Z,0), 

where / denotes the class of a line in Y. 

Remark 2.18. Notice that, in their definition of Ulrich bundles [21, Def. 2.1], Casanellas and 
Hartshorne impose the generators to be in degree 0. Hence, their Ulrich bundles can be obtained 
from ours by twisting by Oy{H) and viceversa. We prefer this normalization, since then Ulrich 
bundles are balanced ACM bundles (recall Definition 1.5). Moreover, with this normalization, 
instanton bundles of minimal charge (see the forthcoming Definition 3.6 and the subsequent com- 
ments) are also Ulrich bundles. 

Denote by OJl*^ the moduli space of stable Ulrich bundles of rank r ^ 2. It is smooth of dimen- 
sion r + 1 since for any such bundle E, we have dim Ext^ (£;,£;) = r^ + l while dim Ext2(£;, £;) = 0. 

To prove that 9J{*^ is non-empty, the strategy is to show the existence of low rank Ulrich 
bundles (r = 2,3) and then use a "standard" deformation argument [21, Thm. 5.7]. The existence 
of rank 2 Ulrich bundles is well-known [25, 46]. They usually appear in the literature as instanton 
bundles (see the forthcoming Section 3). In [21] the authors construct rank 3 Ulrich bundles, 
relying on the existence of an ACM curve on Y of degree 12 and genus 10 (see Lemma 2.17). The 
existence of such curves is proved, using Macaulay2, by Geii^ and Schreyer in the appendix and 
only for a generic cubic threefold. 

Our approach to construct Ulrich bundles of rank 3 is different (for completeness we also 
construct rank 2 Ulrich bundles). In particular, we do not use the Hartshorne-Serre construction 
(see Lemma 2.17), but the structure of conic fibration of a blow-up of Y . We have computed the 
image in D^(P^,;So) of the ideal sheaves of lines in Y in Example 2.10. We can therefore consider 
extensions of them, and use deformation theory to cover the open set 91^ C 9JTrf (for d = 2,3). If 
G is a general sheaf in 01^, then the object Hj^^(G) will be a stable ACM bundle of rank d, which 
will be automatically Ulrich. 

The advantage of our approach is that by using the category Ty we are able to reduce all 
computations to the category D^(P^,5o)) via the functor H3. Thus, the existence result needed 
goes back to Theorem 2.11. 

Given G G 91^, we want to study H3 ""^(G) E Ty. In order to show that it is an ACM bundle 
we want to see how the vanishings in Lemma 1.9 can be checked in D^(p2,5o). 

Lemma 2.19. We have the following natural isomorphisms 

RHomDb(y)(Oy(2ii'),F)[2] ^ RHomDb(p2,Bo)(^^p2 (2/i) ® Sq, H3(F)) 

^ RHomDb(p2)(J7p2(2h),H3(F)), 
RHomDb(y)(Oy (-/?), F) ^ RHomDb(p2,B„)(B_i,H3(F)) 

^ RHomDb(p2)(Op2,Forg(H3(F Og,, i3i))), 

for all F G Ty. 
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Proof. As for the first series of isomorphisms, we start with the following chain of natural isomor- 
phisms, which follows directly from the definitions: 

RHomob (y ) (Oy (2/7) , F) ^ RHomDb(y ) (Oy {2H) , H3 ^ (H3 (F) ) ) 

(2.5.3) ^ RHomDb(y)(Oy(2F), a, o Ro^(_;,) o ^ o E-i{F)) 

- RHomDb(p2,e„)(^ o Lo^(^f)(Oy(2/7)), H3(F)). 

By (1.1.1), l.o^^H)Oy{2H) is given by 

(2.5.4) J.o^(^H)Oy{2H) = cone {Oy{H)®'> ^ Oy{2H)) . 
By definition of ^ (1.3.2), we have the two exact triangles in D^(P^,i3o): 

Bi[l\ ^ Boih) ^ q,0^,{H)[l] ^^>{Oy{2H)) 
Bi ® q,0^,{-H)[l] ^ fio(/i)[l] ^^{Oy{H)). 
Since H3(F) G (^i)"^ and q^O^^{H) = O®} © 0^2{h), we have 

RHomDb(p2,eo)(^(C^y(2^))'^3(i^)) = miom^^^^2^^^^{Bo{h) ® q,0^,{H)[ll~^{F)) 
= RHomDb(p2,e,)(eo ® (Op2(/i)®' e Op2(2/i))[l],S3(F)). 
and since Q'*C'p4(— if) = 0, 

RHomDb(p2,eo)(^Oy(^)'S3i^) = RHomDb(p2,B„)(^o(/i)[l], H3(F)). 
Therefore, combining (2.5.3) and (2.5.4) we have 
RHomDb(y)(C'y(2/i),F) ^ 

^ RHomDb(p2,B„) {Bo ® cone(Op2(/i)®5 ^ Op2(/i)®2 Op2(2/i))[l], H3(F)) 
^ RHomDb(p2,B„) (Bo » f^p2(2/i), H3(F)) [-2] 
^ RHomDb(p2) (J7p2(2/i),H3(F))[-2], 

where we have used that cone(C'p2 (/i)®^ C'p2(/i)®^ © Of,2{2h)) = r2p2(2/i)[l], and the first row 
of isomorphisms follows. 

It remains to prove the isomorphisms in the second line of the lemma. We start with the 
following chain of natural isomorphisms, which follows directly from the definitions: 
RHomDb(y)(Oy(-i/),F) ^ RHomDb(y)(Oy(-i/),H3 i(H3(F))) 

^ RHomDb(y)(Oy(-F), (7, o Ro^(„^) o $ o H3(F)) 

(2.5.5) ^ RHomDb(p2,6„)(^ o l.o^^^H){Oy{-H)),~^{F)) 

- RHomDb(p2,6„)(^(0^(-ii)),H3(F)) 
-RHomDb(p2,B„)(B_i,H3(F)). 

The last isomorphism is an easy computation, and the lemma follows. □ 
Now we are ready to give a geometric interpretation of the objects of (recall (2.4)). 

Proposition 2.20. //d = 2,3 and G is a general sheaf in OT^, then the object H3 ^(G) is a stable 
ACM bundle of rank d. 
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Proof. Again the argument can be divided in a few parts. 



Step 1: E^^G is a coherent sheaf. By Example 2.9, the sheaf is in Ty and E^^Fa) £ OT^. By 
semi-continuity, for G £ 91^ general, the object E^^{G) has to be a sheaf. 

Step 2: First vanishing. We want to show that H''{Y,E^^{G) ® Oy{-2H)) = for i = 1,2. By 
Lemma 2.19, we need to prove that Hom0b(p2)(!^p2(2/i),G) = 0. 
Before that, by Example 2.10, we observe that 

HomOb(p2,B,)(i3o,H3(XO) = Hom02(Op2,O, e Oz(-l)) ^ C, 

and all other Hom-groups are trivial. The extension of d sheaves E'i[Xi) (with different /) lies in 
DJl^. By semicontinuity and induction on d, 

(2.5.6) Hom° ,(p2,eo)(^o, G) ^ H\v\ G) ^ 

for G general Tld- 

Case 1: Rank d = 2. Let G be supported in jc ■ C £ |C'p2(2)|. Let G be smooth 

and intersecting A transversally. Note that Q,p2{2h)\fj = ^=,,(0^1(1)®^), so we have to show that 
H^{F^,G{—1)) = 0. By (2.5.6) and semi-continuity, G has only two possibilities (as C'p2-module): 



(2.5.7) G^ja(Opi(l)©Opi(-l)), 

(2.5.8) G^O^^. 

If we are in situation (2.5.8), then the desired vanishing holds. 

Assume now that G = jc,iOf.i{l) © C'pi(-l)). Recah that G = ijj^{L ® E^q) for some 
L G PicC. We use a method from [11, 30]. The projective bundle P(L ® E^,q) — t- G corresponds 
by definition to the conic bundle over G induced by the conic fibration vr : y — )• . More precisely, 
7r~^(C) is a conic bundle over G with 10 singular fibres 7r~^(Cn A) = IJi£i U ^'i- The lines k and 
/• are (— l)-curves. Then, we have 

F{L^E^Q)^F{FoTg{ML^E^Q))) =: Sc 



C ^ G, 

where the map ip' , factors through 7r~^{G) — t- P('(/'*(L © E'^ q)) that corresponds to the blow-down 
oflO (-l)-curves, say /j for i = 1, . . . 10. The fact that Forg(^=,(L®£;^o)) = jc, (Opi (l)©C'pi (-1)) 
implies that P(Forg('i/'*(L©£'^Q))) is isomorphic to the 2°*^ Hirzebruch surface, so we have a section 
c of 7r~^(C) —7- C, such that = —2. Recall that the canonical bundle of Y is Oy{—H — h) = 
Oyi—F) — Sc), where D is the exceptional divisor. The adjunction formula gives Ks^ = — 
By the adjunction formula = —2, implies that D ■ c = 0. Hence, we can see c as a rational 
curve in Y of degree 2. The space of conies in Y is four dimensional, but by Theorem 2.11, 9Jt2 
has dimension 5. 
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Case 2: Rank d = 3. Let G be supported in C G |C'p2(3)|. Let C be smooth and intersect A 
transversally. Note that i}p2{2h)\Q = F is an Atiyah bundle of degree 3, so we have to show that 
H^{C, G^F"^) = 0. By (2.5.6) and semi-continuity, G has only three possibilities (as Op2-module): 

(2.5.9) G ^ Atiyah bundle of degree 3, 

(2.5.10) G^{jcUCieC2), 

(2.5.11) G^ijcUCo^Cs), 

where jc denotes the embedding and Ci are generic line bundles of degree i on G. 
If we are in situation (2.5.9), then the desired vanishing holds. 

As before, assume for a contradiction, that (2.5.10) holds. The fact that Forg(i/j*(L(g)£'^Q)) = 
Uc)*{^i ffi ^2) implies that P(Forg('0*(i ^ E^^))) — )• G has a section c of tt~^{G) — )■ C, such that 
= —1. Recall that the canonical bundle of Y is Oyi—H — h) = Oyi—D + h — Sc), where D 
is the exceptional divisor. The adjunction formula gives Ks(^ = {—D + h)\g^. By the adjunction 
formula = —1, implies that D-c = h- c— 1 = 2. Hence, we can see c as an elliptic quintic 
curve in Y meeting the projection line Iq in 2 points. The space of elliptic quintic curves in Y is 
10 dimensional [46, Thm. 4.5], so the one meeting Iq in 2 points form an 8 dimensional family [46, 
Lem. 4.6], but 9Jt3 has dimension 10 (by Theorem 2.11). 

It remains to consider the last case (2.5.11). The fact that Fovg{'lp*{L(^<) E"^ q)) = {jc)*{^o®^3) 
implies that F{Forg[ip^:{L ^ E^ q))) — )■ C has a section c of 7r~^(C) — )• C, such that = —3. Recall 
that the canonical bundle of Y is Oyi—H — h) = Oyi—D + h — Sc), where D is the exceptional 
divisor. The adjunction formula gives Ks(^ = {—D + h)\g^^. By the adjunction formula = —3, 
implies that D-c = h- c — 3 = 0. Hence, we can see c as an elliptic curve in Y of degree 3 
(hence plane). The space of plane cubics in Y is nine dimensional, but by Theorem 2.11, 50^3 has 
dimension 10. 



Step 3: Second vanishing and stability. We want to show that if^(y, H3 (G) ® Oy{H)) = 0. By 
the second part of Lemma 2.19, we need to prove that i/^(P^, Forg(G ^1)) = 0- Again we 
can argue as in Step 1 by semi-continuity and use that G = S^iFd) satisfies the vanishing. Thus 
E^^{G) is an ACM bundle. As observed in [21, Sect. 5], H^^(G) is stable since there are no Ulrich 
bundles of rank 1 on a cubic threefold. □ 

Note that the sheaves H3 ^(G) in Proposition 2.20 are Ulrich. Since they lie in Ty, the same 
argument of [21, Lem. 2.4] shows that their restriction to a generic hyperplane section is again 
Ulrich. 

To complete the non-emptiness statement of Theorem B, we should prove that there are stable 
Ulrich bundles for all ranks r ^ 4. For this we can use the same deformation argument as in the 
proof of [21, Thm. 5.7]. 

Remark 2.21. Note that, we have also reproven that dJlf.^ is smooth of dimension -|- 1. Indeed, 
the computations dimExt^(F, F) = r"^ + 1 and dimExt^(-F, F) = have already been done in 
Step 1 of Theorem 2.11. 
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3. The d = 2 case and the instanton bundles on cubic threefolds 

In this section we will describe the wall-crossing phenomena that links the space to the 
moduli space of semistable instanton sheaves on Y. As in Section 2.2, the approach follows closely 
the discussion in [43, Sect. 5], but since the corresponding numerical class is not primitive, we 
need some extra arguments. 

3.1. Stability. We consider the stability function Zm (see Definition 2.5) and the (Bridgeland) 
stability condition am = (Zm,-^) (see Lemma 2.6). 

A (semi)stable ;Bo-™odule F £ 0Jl2, remains (Tm-(semi)stable for all m > tjiq = More 
precisely we have the following lemma. 

Lemma 3.1. Let F G 50^2. 

(a) If m > rriQ = then F is (jjYi-stable or F is the extension of two (7fn-stable coherent 
Bo-modules of class [Bi] — [Bq] (so properly am-semistable). 

(b) If F £ o-nd F is stable, then F is a-m-stable for all ?n > ^. If F is properly semistable, 
then F is the extension of two UmStable coherent Bo-modules of class [Bi] — [Bo] for all 
m> \. 

(c) Assume m = mg. Then F is am-semistable and falls in one of the following cases: 

(c.i) F G is amo -stable. 

(c.ii) F G CR2 is properly amo-semistable and its JH-factors are two amo-stable coherent 

Bo-modules of class [Bi] — [Bq]. 
(c.iii) F G 9Jl2 \ 0^2 and F is properly amo-semistable and its JH-factors are Bo[l\, Bi 

and a coherent Bo-module of class [Bi] — [Bo]- 
(civ) F G TI2 \ 9I2 and F is properly amo-semistable and its JH-factors are twice Bo[l] 

and twice Bi. 

Proof. Suppose that O^A^F^B^O destabilizes F, where A is (Tm-stable. We have 

^ n-^iB) -^A^F^ n°{B) 

and Im Zm{[F]) = Am. Note that Jm. ■= ^^Zm is an additive function in K(Coh(p2, Sq)) 
that takes values in mZ. Thus, by definition, —Jm.iT~L~^{B)), JmiT~L^{B)), Jm.{A) take values 
in {0, m, 2m, 3m, 4m} . 

Since ^.^{B) is torsion, is either supported on points (and so Jm{H^{J3)) = 0) or supported 
on a curve. By [13, Lem. 2.13], if it is supported on a curve, then Jm{n^{B)) G {2m, 4m}. We 
cannot have JmiH^ {B)) = 4m because then both Jm{^) and Jm{H.^^{B)) would be zero, which 
implies that T-L^^{B) = and A is supported on points, which is impossible. 

Hence, we have only two possibilities for Jm{HP{B)). Let ch([yl]) = (r, ci,ch2). Suppose first 
that JmiH^iB)) = 2m. In that case, 'H~'^{B) = 0. Since ci + r = 2 and A is torsion, then ci = 2. 

If Re(Zm([^])) = rm^ "54 — 2 2~ ^ ^' ^^^'^ '^^'^ ^ order to destabilize F, we need 

ch2 = —2 and F is a properly dm-semistable object whose JH-factors have class [Bi] — [Bo]. 

Suppose now that Jm{T~i^ {B)) = 0, so ^.^{B) is supported on points. Clearly Jm,(^) > since 
A cannot be supported on points. If Jm{A) = 4m, then Jm{B) = 0, (t>{B) = 1, and B would not 
destabilize F. So Jm(^) £ {?n, 2m,3m}. 
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Observe that He Zm{F) = 0, hence A destabihzes if ReZm(vl) ^ 0. Note that A G T is 
torsion-free, so all its HN-factors have fj, > —1. Recall that: 

Re{Z^{[A])) = rm'-^-^-^^=^- ^-^(A, A) + mV - i (r + c,f^ . 

Moreover, we can assume that A is //-stable, so —x{A, A) = hom^(74, A) — l. Hence — 1 ^ —x{A, A) 
and since — | ^ — 5 (^^ + ci)^, we have m^r^ — ^ ^ 0. Since m > | and r S 4N, this implies r = 4. 
We now have to go through a case by case study. 

Case Jm{A) = m and Jm{'H^^{B)) = —3m. In this case ci = —3 and hom^(A, ^4) — ^ < 0, 
so A is rigid and ch2 = |, by (2.2.2). Hence, A ^ Bi and [B] = [Bi] - 2[Bo]. Moreover, since 
16m2 - I ^ 0, then m ^ ^. 

Suppose that n^{B) / (e.g., ch('H°(S)) = (0,0, z)) and we want to get a contradiction. 
Since [B] = [Bi] - 2[Bo], we have x{So,B) = and ch{n~'^{B)) = (4, -7, f + z). Hence, = 
hom°(?^-i(5),B_i) = hom^{Bo,n-^{B)). Thus, the exact triangle n'\B)[l] ^ B ^ n^iB) 
leads us to a contradiction. 

Case Jm{A) = 2m and J^i'H^^ {B)) = —2m. Under this assumption ci = —2, which is impossible 
by [13, Lem. 2.13(ii)]. 

Case Jm{A) = 3m and Jm{'H.^^{B)) = —m. Here ci = —1 and hom^(A, ^) — | < 0, which 
implies hom^(A, ^) ^ 2. 

(a) If A is rigid, then ch2 = |, by (2.2.2). Hence A = B2, which is impossible since 7^ 
hom(;B2,-^) = /i°(P^, -F(— /i)) contradicts the semistability of F. 

(b) If x{A, A) = 0, then chs = 1, by (2.2.2). This implies that [A] ^ ZB-i ZBq ZBi, which 
contradicts [13, Lem. 2.12]. 

(c) If xiAA) = -1, then ch2 = ^. Hence [A] = -[Bq] + 2[Bi], so B ^ Bo[l]. In particular, 
^O(^) ^ 0. Moreover, IGm^ - | ^ 0, so m ^ ^. 

Summarizing, if F G 9^2 is stable then it is cJm-stable for all m > |. If F E 9^2 is properly 
semistable, then its two JH- factors are cJm-stable for all m > |. If F G 50^2 \ then it admits 
a morphism from Bi and it has also an extension with Bq. Indeed, since xi^^i^F) = we have 
hom(;Si,-F) = hom^(;Si,F) = hom^(F, ;Bo). Thus F lies simultaneously in the following exact 
sequences of coherent 5o-™odules 

O^C^Bi^F^O, where [C] = 2[^o] - [Si], 

^ Bo ^ C ^ F ^ 0, where [C] = 2[Bi] - [Bo]. 

When C £ ^1, we fall in case (c.iii) and the JH-factors are Soil], and the cokernel of Bi — )• C . 
When C E aJti \ Oil, we fall in case (civ). □ 

Remark 3.2. We want to 'count' the objects F £ 9Jt2 that admit a JH-filtration like in case (c.iii) 
of Lemma 3.1. The (7mo -stable ;So-module with numerical class [Bi] — [Bo] needs to be '^3{Ii) with 
I 7^ lo, by Lemma 2.13. We fix I / /q- 

On the one hand, we consider the extensions C G Hom^(H3(X/), fix), where hom^(H3(X;), fii) = 
/lHP^C'pl(-l) C'pi(-2)) = 1 by Example 2.10. On the other hand, we consider the extensions 
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F G Hom^(;Bo[l], C") which fah into the following exact sequence 

^ Hom(^o,^i) ^ Homi(fio[l],C') ^ Hom(So, H3(X;)) ^ 0, 
so homi(^o[l],C') = 3. 

Summing up, we get that the F G 50^2 that admit a JH-filtration like in case (c.iii) of Lemma 
3.1 are parametrized by P^, once we fix the [Bi\ — [Bq] JH-factor. 

Let w be the numerical class 2[Bi\ — 2[Bq\ . As a consequence of the previous lemma we get that 
9712 embeds inside 971°^™ (P^, ;So; w) when m > rriQ. With the aim of proving the other inclusion, we 
need the following lemma which adapts [43, Lem. 5.8] to our situation. 

Lemma 3.3. Let mi > mo = ^ and let G be a am^- (semi) stable object with numerical class w. 
Then G is CTm- (semi) stable, for all m ^ m^. 

Moreover, if G € (-Si)-*- and G is a amQ- (semi) stable object, then G is a^- (semi) stable, for all 
m ^ mQ. 

Proof. Assume, for a contradiction, that G destabilizes at m ^ mQ. Then we have an exact 
sequence in A 

O^A^G^B^O, 

where ^ 7^ is cJm-stable and Ke{Zm{A)) < (resp. ^ 0). Let ch(^) = (r, ci,ch2). The same 
argument as in [43, Lem. 5.8] shows that r ^ and lm{Zm{A)) G {m,2m,3m}. But then, the 
same casuistry as in Lemma 3.1 shows that this can only happen when m < mo (resp. m < mQ or 
G^{Bi)^). □ 

Now, let G G OJt'^'"! (P^, i3o; where mi ^ mp. By Lemma 3.3, we have two possibilities: 
either G is fjm-(semi)stable for all m ^ mo, or mi = mo, G (Bi)'^ and it destabilizes for all 
m > mQ. 

Lemma 3.4. Let G G A 6e a am- (semi) stable object, for all m ^ mo, with numerical class w. 
Then G is a (semi) stable Bo-module pure of dimension 1. 

Proof. We argue as in [43, Lem. 5.9] to deduce that G is a pure 5o-module of dimension 1. If 
A is a stable ^o-™odule that destabilizes G, then ReZm{A) < (resp. ^ 0) so G would not be 
fjm-semistable. □ 

As a straightforward consequence of the previous lemmas we get the following. 

Corollary 3.5. Let w = 2[Bi] - 2[Bo]. Then 9K2 = m""' {F"^ , Bq; w) , for allm>mo = ^. 

3.2. Instanton sheaves. Now we want to give a geometric interpretation of W^"^ {F'^ , Bq; w) for 
m ^ mQ. The appropriate objects are the instanton sheaves. 

Definition 3.6. We say that E G Coh(y) is an instanton sheaf if is a Gieseker semistable 
sheaf of rank 2 and Chern classes ci{E) = and C2{E) = 2. When E is locally free, we call it 
instanton bundle. 



ACM BUNDLES ON CUBIC 3-FOLDS AND 4-FOLDS 



29 



An instanton sheaf according to the above definition would be called instanton sheaf of charge 
2 in the existing literature. In general, an instanton bundle of charge s ^ 2 is a locally free sheaf 
E of rank 2 and Chern classes ci{E) = and C2{E) = s and such that H^iY, E{—1)) = (see, for 
example, [34, Def. 2.4]). It is easy to show that if the charge is minimal (i.e. C2{E) = 2), then the 
condition H^{Y, E{—1)) = is automatically satisfied (see [38, Cor. 3.3]). 

Example 3.7. If C" C y is a smooth conic, the object F2 constructed in Example 2.9 is a stable 
instanton sheaf which is not locally free. In fact, by [25, Thm. 3.5], these are the only stable 
instanton sheaves that are not locally free. 

Given a stable instanton bundle E, then E{1) is globally generated [25, Thm. 2.4], so E is an 
Ulrich bundle. Indeed, E is associated to a non-degenerate smooth elliptic quintic C via the Serre 
construction (see [25, Cor. 2.6] and compare it with Lemma 2.17). 

Lemma 3.8. Let E be a stable instanton bundle. Then '^3{E) is a stable Bo-module. 

Proof. Let F be a stable instanton bundle of minimal charge. By [25, Cor. 2.6] a stable Ulrich 
bundle F of rank 2 is associated to a non-degenerate smooth elliptic quintic C via the Serre 
construction 

(3.2.1) ^ Oy{-H) ^ F ^Ic{H) ^0. 

Note that ^'(o-*C'y (-F)) = B-i and *(a*C'y(if)) = ^2[1]. Applying the functor ^ o a* to 
the short exact sequence 

^ IciH) ^ OriH) ^ OciH) ^ 0, 

we get 

(3.2.2) ^ n-H^{a*IciH))) -^62^ ^{a*OciH)) ^ n^{^{a*IciH))) ^ 0. 

On the other hand, from (3.2.1) we obtain 
(3.2.3) 

Observe that T-L^"^ {a*Tc{H))) C is a non-trivial torsion-free sheaf of rank 4. Hence, the map 
g is either injective or zero. 

Step 1: Assume that the associated elliptic quintic C does not intersect ^o- Since C n /q = 0i we 
have '^{a*Oc{H)) = F^[l], where F^ is a rank 2 vector bundle supported on C = 7r(<T~^(C)) C P^. 
Hence, (3.2.2) becomes 

^ n-^{^{(j*Tc{H))) -^B2^F^^ n°{^{a*Ic{H))) ^ 0. 

On the one hand, note that / could be surjective, or zero, or have the cokernel supported on points. 

We claim that g in (3.2.3) is injective. Assume, by contradiction that g is zero. Hence, we 
have the following exact sequence 

^ ^ 'H^i^ia*F)) n^{^{a*IciH))) ^ 0. 
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If 'H^{'^{a*Ic{H))) is supported at most in dimension 0, then we have Hom^(Bi,B_i) 
Hom^(i3i,?^°('I'(F))). Note that we have an exact triangle 

so this would imply B.om^{Bi,'^{a* F)) / 0. But F G Ty, so ^{a*F) G {Bi)^ and we get a 
contradiction. If / and g are zero, then ^"^(^((T*F)) = B2 and we get a contradiction because 
Hom°(fii,H~^(^(fT*F))) /O. The case when / is surjective and g is trivial can be excluded by a 
similar argument as we would have B-i = {"^ {a* F)) . 

Therefore, g is injective and ^{a*F) is a torsion sheaf with class 2[Bi] — 2[Bo]. 

Step 2: Assume that the associated elliptic quintic C intersects Iq transversally in a point. Since 
C Clio = {p}, we have '^{a*Oc{H)) = ^(OcwyiH)), where by abuse of notation we denote by C 
the strict transform of C and 7 C is the line a~^{p). Hence, (3.2.2) becomes 

(3.2.4) ^ n-H^{a*Ic{H))) ^ B2 ^ ^{Oc'^-,{H)) ^ U\^{a*Zc{H))) ^ 0. 
To characterize ^{Oc'vj'y{H)) better, consider the exact sequence on Coh(y) 

(3.2.5) ^ Xp,c'{H) ^ Oc'yj^{H) ^ 0^{H) ^ 0. 

On the one hand, we need to compute ^{Ory{H)). As 7 C it makes sense to consider the ideal 
sheaf Xy^£) which is actually equal to Xg— i^^) i^^g) = a*Xp^iQ = a* {Oi^^{—H)) = Od{—FI). Now, 
tensoring the exact sequence 

^ Od{-H) ^ Od ^ 

hy D = H — h, we have 

(3.2.6) ^ Ooi-h) Od{D) 0^{H - h) ^ 0. 

By [13, Ex. 2.11] and applying the functor ^, it provides the exact triangle 

B.i[l] ^ Bo[l] ^ ^{0^{H - h)). 

By construction, we know that ^{0'y{H — h)) is a torsion sheaf in degree —1 and we have the 
following exact sequence 

O^B^i^Bo^ n-\'^i0^iH - h))) ^ 0. 

By definition "^{F (g> Oy{mh)) = Tr^{F (E> Oy{mh) (g) £ (g) Oy{h))[l] = *(F) (g) (m/i). Hence, if we 
tensor (3.2.6) by Oyih) and we apply again, we get that ^'(0^(f/')) is a torsion sheaf in degree 
— 1 and the following exact sequence 

(3.2.7) 0^Bi^B2^n-\^{O^{H)))^0. 
Note that, Rom{B2,n~\'^{0^iH)))) ^ C. 
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Using the above discussion and (3.2.5), we get the commutative diagram 
(3.2.8) 

n-\^{a*Xc{H))) Bi 

B2= =B2 

f 

— ^ n-\^{ip,c'{H))) — - n-H'fiOc'u.iH))) n-\^{o,{H))) — ^ o 



Furthermore, we have ^iXp^c'{H)) = -Fg^;[l], where F^, is a rank 2 vector bundle supported on 
'C' = 7t{C') C P2 which is irreducible. Indeed, by definition, ^'(Xp^c'(-H')) = t^*{^p,C'{H) £ (g) 
C'y(/i))[l]. Since the fibers of vr restricted to C are only points or empty we have ^{Xp^c'{H)) = 
W-K^{Zp^C'{H) ®£® C'jj(/i))[l], where W-K^{Xp^c'{H) ^S^Oyih)) is a sheaf supported on C' = 
7r(C"). Observe that C C 1" is a quartic, so the image 7r(C") is either a line, a conic, or a quartic in 
P^. The first two possibilities are not realized and this means that C — )■ C is birational. Hence, by 
base chance, R^TT^{Zp^c'{H)®£ ^Oyih)) has rank on C equal to the rank oiZp^c'{H)®£ ^Oyih) 
on C", which is 2. 

We claim that g in (3.2.3) is injective. Assume, by contradiction that g is zero. Hence, we 
have the following exact sequence 

^ ^ U^{^{a*F)) ^ U'^{^{(7*Zc{H))) ^ 

and we have two cases depending on the behaviour morphism f := h o f : B2 ^ ^{^^{^{O^^H))). 
Case (a.l). If the map /' is non-zero, then (3.2.8) yields the sequence 

^ 'H-\^{a*Xc{H))) ^Bi^F^,^ 'H\^>{a*Zc{H))) ^ 0, 

where /i could be either zero, or surjective, or have cokernel supported on points. If coker /i = 
THP{^{a*Xc{H))) is supported at most in dimension 0, then we have / Hom^(;Bi, ;S_i) ^ 
YLom^{Bi,'hP{^{a*F))). So we get a contradiction with ^((t*F) e (^Bi)-*-. Assume that /i and g are 
both zero. Then ?^~^(^'(cj*F)) = Bi and we get a contradiction because Hom°(i3i, ?^~^(^((7*F))) 7^ 
0. Hence, /i is surjective and then, as in Step 1, 5 is injective. 

Case (h.l). On the other hand, the map /' could be zero, so / would factor through B2 
'H~^{"^{Ip^C'{H))). In this case, we get a sequence 

^ n-\^{a*IciH))) ^B2^F~,^K^0, 
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where /2 could be either zero, or surjective, or have the cokernel supported on points. Moreover, 
we have 

(3.2.9) 0^ K ^ n°{^{a*Ic{H))) n^^{<l!{0^f{H))) 0. 
If K is supported at most in dimension 0, then 

E^t\Bi,U\^{a*Zc{H)))) = ExtHBi,n-\^{0^{H)))) = 0, 

by (3.2.9) and (3.2.7). So, again we have / Roin'^{Bi,B-i) ^ Roin'^{Bi,n'^{^{cr*F))), contra- 
dicting "^{a*F) E (-Si)-*". If /2 and g are zero, then 'H~^{'if{a* F)) = B2 and we get a contradiction 
because Hom^ {Bi,'H~^ {a* F))) 7^ 0. As in the previous step, / cannot be surjective whenever g 
is trivial. 

Therefore, g is injective and ^{a*F) is a torsion sheaf with class 2[Bi] — 2[Bo]. 

Step 3: Assume that the associated elliptic quintic C intersects Iq with multiplicity m in a point. 
Since C DIq = {p} with multiplicity m > 1, with the notation of Step 2, we have ^{a*Oc{H)) = 
"^{Oc/um-yiH)). Note that we have the following exact sequence on Coh(y) 

(3.2.10) ^ Zmp,C'{H) ^ Oc'Um^iH) ^ Om^iH) ^ 0. 

Moreover — > C'(m„i)^(-ff) — > Omj{H) — > 0^{H) — > 0, so ^{Om-yiH)) is a successive extension of 

Then, we can also distinguish between two cases, depending on whether the morphism B2 — > 
T-L^^{'ii{Om-yiH))) arising from (3.2.10) and (3.2.2) is either non-zero (Case (a.2)), or / factors 
through B2 n-^'^ilp^c'iH))) as in (3.2.2) (Case (b.2)). 

If we are in Case (b.2), exactly the same arguments as in Case (b.l) show that ^{a*F) is a 
torsion sheaf with class 2[Bi] — 2[Bq]. So we can suppose that we are in Case (a.2) and we have 
the following diagram: 



^ n-\^{a*lc{H))) ^ K' 

Y " ' 

B2 — ■■ B2 

f 

— - n-H^iip^c'iH))) — - n-H^iOc'u-yiH))) — - n-^^io^^iH))) — - o 
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By the Horseshoe Lemma we have the following exact sequence 

^ ^ B®™ ^ n^H'^iOmjiH))) ^ 0. 
So, we have that K' ^ Bi and L' ^ ?^-i(^(C'(„_i)^(i7))) and we get the following 

^ ■H-H^ia*IciH))) -^Bihr^,^ n\^{a*Zc{H))) ^ ^ 0, 

where /a could be either zero, or surjective, or have the cokernel supported on points. 

We claim that g in (3.2.3) is injective. Running the same machinery as in the previous steps, 
we assume, by contradiction, that g is zero. Hence, we have the following exact sequence 

^ ^ U^{^{a*F)) ^ U^{^{a*Xc{H))) ^ 0. 

If coker /a is supported at most in dimension 0, 

¥.^i\Bi,U\^{a*lc{H))) = Ext\Bi,n\^{0,n^{Hm = 0. 

So, we have / Rom'^{Bi,B-i) ^ I{om^{Bi,'H^{'^{a* F))), contradicting '^{a*F) G (^i)^. 

So, it remains to deal with the case when and g are zero. But then H^^i^^^a* F)) = Bi and we 

get a contradiction because }iom.^{Bi,'H~^{^{a*F))) / 0. 

If / factors through B2 — )• ^{"^{"^{Ip^c'iH))) and K is supported at most in dimension 0, 

then 

E^tHl3i,n^{^{a*Ic{H)))) = ExtHBi,n-\^{0^{Hm = 0, 

by (3.2.9) and (3.2.7). So, again we have / Hom2(Bi,S_i) ^ Rom'^ {B^n^i^ {a* F))) and we 
get a contradiction with ^'((t*F) G (Bi)'^. As in the previous steps, if /2 and g are zero, then 
7^-i(\j/((j*i?)) = ^2 and we get a contradiction because Rom^{Bi,n-^{^{a*F))) / 0. Therefore, 
^{a*F) is a torsion sheaf with class 2[Bi] - 2[Bo]. 

Step 4: Assume that the associated elliptic quintic C intersects Iq in s distinct points (possibly 
with multiplicity). Since C D Iq = {pi, . . . ,ps}, with the notation of Steps 2 and 3, we have 

'Umi7iu...uma7s (-f^))- Note that we have the following exact sequence in 

Coh(y) 

s 

(3.2.11) IinipiU...Um^ps,C'{H) Oc'Umi7iU...Ums7s(^) ^ ^'^^7^ (-f^) — > 0, 

i=l 

since ji are disjoint. Then, we can reduce to the previous steps. 

From Step 1-4, we get that if F is a stable Ulrich bundle of rank 2, then '^(a*F) is a torsion 
sheaf with class 2[Bi] — 2[Bo]. 

Step 5: We can now show that "^{a*F) is stable. Suppose it is not, and let E ^ ^{a*F) 
be a destabilizing So-module. Then, ch(£') = (0,2,2;) for some z > —2. Since Hom(;Bi,E) 
iiom{Bi,^{a*F)) = 0, then xiBi,E) ^ 0. By (2.2.3), we have z = -2 and G {Bi)^. By [13, 
Thm. 4.1], one gets that E = H3(X;) for some line I e F{Y) \ {Iq} and Zi ^ F contradicts the 
stability of F. □ 
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Denote by SOTy'^* the moduli space of semistable instanton sheaves. By [25, Thm. 4.8], 93ty** 
is isomorphic to the blow-up of the intermediate Jacobian J(Y) of Y along —F(Y), where F(Y) 
is the Fano surface of lines in Y. Moreover the exceptional divisor is the closure of the locus of 
stable instanton sheaves that are not locally-free. 

Theorem 3.9. Letu : X — )• J{Y) be the blow-up of the intermediate Jacobian along F(Y)U—F{Y). 
The moduli space dJl2 is isomorphic to the blow-up of X along u~^{Iq). 

Proof. Let £' be a semistable instanton sheaf. We claim that if H3(£') G Coh(P^,;Bo)) then 
r.2,{E) e TI2 (i.e. it is semistable) and, by Lemma 3.1, r.^{E) e W'^i^'^ ,Bo]w) for all m> \. 

By [25, Thm. 3.5] and [13, Ex. 2.4, Ex. 2.11, Step 5 in Prop. 3.3], we can distinguish three 
cases where ^.■i{E) G Coh{¥'^ .Bq): 

- if is a stable instanton bundle, then ^.^[E) G 9JT2 follows from Lemma 3.8; 

- if £^ is a stable instanton sheaf which is not locally free, then 'r.^{E) G 9Jt2 follows from 
Examples 2.9 and 3.7; 

- if is a properly semistable sheaf and the 2 JH-factors are Xi and X//, where eventually 
1 = 1', but in any case 1,1' 7^ Iq, then '^^{E) G follows from a direct computation. 

Hence, the only case in which Es^E) Coh(P^So) is when E is a properly semistable sheaf and 
X/p is a JH-factor. Thus, this is the only case where E^lE) 9Jt2- 

When and X/, / / Iq, are the JH-factors of E, then hom(H3(£'), = 1. Hence, the 
HN- filtration of E^i^E) for m > mo := is 

Boil] C C[l] C EsiE), 

where — ^ C[l] — )■ Es{E) Bi ^ and Bo[l] — ^ ^[1] E^ili) — ^ are exact sequences in 
the abelian category A which is the heart of the bounded t-structure in the stability condition in 
Lemma 2.6. 

When the two JH-factors of E are both isomorphic to X/^, then hom(H3(i?), ^Bi) = 2. Hence, 
the HN- filtration of E3{E) for m > mo := ^ is 

Boil] C C"[l] C C[l] C E-siE), 

where C",C £ Coh(p2,Bo) have respectively class [^0] - [Bi] and 2[Bo] - [Bi]. 

In both cases, this means that E^{E) is fJmp -semistable respectively with JH-factors Si,;Bo[l] 
and D or twice Bo[l] and twice Bi. As a consequence, up to choosing e close to mo, E3{E) is 
Urn-stable, for all m G (e, mo). Indeed, if not, by [16, Prop. 9.3], the HN-factors of E^^E) in the 
stability condition am, for m G (e,mo), would survive in the stability condition (7^0 • This would 
contradict the cimo-semistability of E3{E). This implies, by Lemma 3.3, that 

x/5 

EsiE) ^m''^{F^,Bo;w) for m > mo := — , 

8 

E^{E) G (P^, Bo; w) for m G (mo — e, mo] and e > small enough. 

If we look now from the other side of the wall (m > mo) , where we know that W^"^ (P^ ,Bo',w) = 
TI2 (see Corollary 3.5), then we also have two cases. 

Indeed, on the one hand, we have the elements F G WI2 that have three JH-factors, i.e. the 
ones in Lemma 3.1(c.iii), that get contracted to E^i^E), where E is an extension of X/^ and X/ 
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(/ / ^o)- So, the corresponding P^-bundle on F{Y) \ {Iq} gets contracted to F{Y) \ {Iq}, by 
Remark 3.2. 

On the other hand, we have the elements F S 9712 that have four JH-factors, i.e. the ones in 
Lemma 3.1 (civ), that get contracted to ^^{E), where E G Exty(X;g,X;y). Note that this case is a 
speciahzation of the previous one. Hence, we need to count how many extensions get contracted 
to the 'second' factor. The situation is parahel to the previous case, so there is a contracting 
to every point of the previous P^. That is, we have that P^ x P^ gets contracted to {Iq}- 

Now, the only thing that remains to be proven is that, for m G (mo — e, mo), the objects 
S3(£') are the only cjm-semistable objects in A with class w = 2[13i] — 2[Bo]. Let G G A be a am- 
semistable object, for some m G (mo — e, mo), with class w. We claim that G G (-Si)-*". We argue by 
contradiction. Suppose that G (-Bi)"'"- and we want to get a contradiction with the dm-stability 
for m < mQ. Indeed, when hom(;Bi,G) ^ 0, then the inclusion Bi ^ G in A destabilizes G for 
m G (mo — £, mo) and e > small enoug h. On the other hand, if hom^(5i, G) = hom(G, Bo[l]) / 0, 
then the surjection G Bq[1] in A destabilizes G for m G (mo — e, mo) and e > small enough. 

By [16, Prop. 9.3], up to replacing e, we can assume that all such objects G are o"mo-semistable. 
By Lemma 3.3, we have two possibilities: either G is C7m-semistable for all m ^ mo, or G is properly 
a^o-semistable and destabilizes for all m > niQ. In the first case, G is a (semi)stable element of 
0^2 by Lemma 3.4 and the discussion before. Thus, by the proof of Proposition 2.20, HJ^(G) is 
either a balanced ACM bundle of rank 2 (i.e. an instanton bundle) or a sheaf obtained via the 
Serre construction from a smooth conic in Y (i.e. an instanton sheaf which is not locally free). 

If G destabilizes for all m > mo, we want to see that G = '^3{E) where ii^ is a properly 
semistable sheaf with Zi^ as a JH-factor. Indeed, since G is properly CmQ-semistable, let Gi and 
G2 be its JH-factors. Then Gi and G2 are of class [Bi] — [Bq] and they lie in (Bi)-^, by the same 
argument as before. Hence, from Lemma 2.13 we deduce that Gi = '^■^{Ii) for some line, and at 
least one of the lines is ^o- D 

As a corollary of the previous proof we get the following result. 

Corollary 3.10. Let w = 2[Bi] - 2[Bo] and mo = Then Tip"* = M"^ (P'^ , Bq; w) , for all 

m G (mo — £, mo] and £ > sufficiently small. 

Remark 3.11. Prom Theorem 2.11 we get a 2^ : 1 map from the moduli space of quintic elliptic 
curves on a cubic threefold to the projective space of conies in P^. 

Since we have chosen Iq general (i.e. such that for any other line / meeting Iq, the plane 
containing them intersects the cubic in three distinct lines), then Iq Gig = F{Y) n {—F{Y)) 
(e.g. [40, Sect. 5]). The curve Gi^ C JiY) is the Abel-Prym curve of lines inside Y that intersect 



Remark 3.12. The space 9Jt2 had already appeared in the literature with another presentation. 
Indeed, consider the quintic plane curve A, which is the ramification locus of the projection tt 
from Iq onto P^. Let A be the variety of lines contained in Y and meeting Iq. The conic bundle 
TT induces an etale double cover : A — )■ A. The Prym variety P{A, A) associated to this double 
cover is isomorphic to J{Y). We can consider the special variety 
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where N^^^^ denotes the 10*^ symmetric product of a curve N and 7y(^o) : A(io) ^ A(io) is the 
natural map induced by r]. By [40, Sect. 5], X~ determines the Prym covering, so 9Jt2 determines 
Y and the hne of projection. 

X~ is isomorphic to 9Jt2- Indeed, this follows from the presentation of the element in 9Jt2 
given in Step 2 in the proof of Theorem 2.11 (see (2.4.8)). A point in 9Jt2 is determined by a conic 
C and Aj € {0, 1} for i = 3, . . . , 10. Since cja = Ca(2), the divisors in \uja\ correspond to the 
conies in P^. Choosing a point in A^""^"-* such that r]^^^\D) = C £ [waI is equivalent to choose 
Xi G {0, 1} for i = 1, . . . , 10. Taking A G {0, 1} corresponds to choose a preimage r/~^(pj). The 
condition h^{A, 0^{D)) = 1 mod 2, corresponds to the restriction Ai = A2 = 0. 

In general, 971^ can be realized as a subvariety of A^^'^\ Hence, the moduli spaces of ACM 
bundles in Ty provide a birational model of some special varieties associated to the Prym variety. 
This birational model is specially interesting because it is intrinsic to Y and independent of the 
line of projection. 

4. Cubic fourfolds containing a plane 

In this section we prove Theorem C by constructing a family of stable ACM bundles which 
are parametrized by the K3 surface naturally associated to a cubic fourfold containing a plane. 

4.1. Geometry of cubic fourfolds with a plane. In this section, we let y C be a cubic 
fourfold containing a plane P. Consider the blow-up P of P^ along P. We set (7 : P — t- P^ to 
be the P'^-bundle induced by the projection from P onto a plane and we denote by Y the strict 
transform of Y via this blow-up. The restriction of q' to y induces a quadric fibration vr : y — )• P^. 
In particular, the discussion in Section 1.3 applies to Y (note that the vector bundle ii^ on S" = P^ 
is now 0*2^ © C'p2(-/i)). 

The fibres of vr degenerate along a sextic C C P^. The curve C has at most ordinary double 
points. On the one hand, over the smooth points of C the fibres are cones with one singular point. 
On the other hand, over the singular points of C the fibre is the union of two planes intersecting 
along a line. For the general cubic fourfold containing a plane, the sextic C is smooth. The double 
cover over /: 5 — )■ P^ ramified along C is a projective K3 surface (singular over the singular points 
of C). The geometric picture can be summarized by the following diagram 

(4.1.1) D'^ 

s 

p^ 

We let -D C y be the exceptional divisor of the blow-up a : Y ^ Y. We denote by h both the 
class of a line in P^ and its pull-backs to P and Y and, accordingly, we call H both the class of 
a hyperplane in P^ and its pull-backs to Y, P, and Y. We recall that Oy{D) = Oy{H - h), the 
relative ample line bundle is 0^{H), the relative canonical bundle is 0^{h — 2H), and the dualizing 
sheaf of Y is ujy ^ Oy{-h - 2H) (see, e.g., [35, Lem. 4.1]). 




r^{0®^®0^2{-h)) 



D C. 
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The sheaf of even (resp. odd) parts of the Chfford algebra corresponding to vr (see Section 
1.3) speciaHzes in this case to 

Bo ^ Op2 e Op2(-/i)®=^ © Op2(-2/i)®3 © Op2(-3/i), 

^^■"^■^^ Bi ^ 0®f © Op2(-/i)®2 © Op2(-2/i)®3, 

as sheaves of Op2 -modules. Moreover the rank 2 vector bundles £' and £ sit in the short exact 
sequences provided by (1.3.1) and (1.3.3) respectively. 

In [35, Thm. 4.3], Kuznetsov constructs an equivalence D^(P^,;Bo) — Ty, where Ty is the full 
subcategory in (1.2.1). The way this equivalence is attained is by performing a precise sequence of 
mutations which allow Kuznetsov to compare the semiorthogonal decomposition in Theorem 1.13 
and the one 

D^(y) = {a*{TY),Oy,Oy{H),Oy{2H),uOD,i*OD{H),uOD{2H)) 

obtained by thinking of Y as the blow-up of Y along P and using [50]. The details will not be 
needed in the rest of this paper but we just recall that 

Ty = a, o Lo^^h-H) ° Ro^(-h) ° $(D'^(P2, Bo)), 

where ^ is the embedding described in Section 1.3 and defined in terms of £' . For later use we set 

(4.1.3) H4 := {a, o Lo^^h-H) ° ^0^(~h) ° 'J>)"' : Ty ^ B'"{F^,Bo). 

4.2. The derived category of the associated K3 surface. Let S be the K3 surface associated 
to a cubic fourfold containing a plane, as in (4.1.1). By [36, Sect. 3.5], there exists a sheaf of algebras 
Ao such that /*(A) = Bq and : Coh{S,Ao) ^ Coh(p2,eo) is an equivalence. Moreover, by 
[36, Prop. 3.13], restricted to the smooth locus 5'rcg of 5 is a sheaf of Azumaya algebras. For 
the basic properties of Azumaya algebras, see [47, Ch. IV] or [19, Chapter 1]. 

When C is smooth, we can describe the category Coh(5, .4o) in terms of twisted sheaves. 
More precisely, there exist a G Br(S') in the Brauer group of S, o? = id, and an a-twisted vector 
bundle of rank 2, Ea G Coh(5, a), such that = Snd{Ea) and 

Coh{S,a) ^ Coh{S,Ao) 

F ^ F EX = nom{E^, F) 

is an equivalence of categories. When C is singular, the vector bundle E^ still exists etale locally 
on smooth points. 

Let X € Srcg- Consider La; := /^,(C(x)©£'^) G Coh(P^,Bo). As an 0^2 -module it is isomorphic 
to V ©c '^(/(x)), where y is a 2-dimensional C-vector space. 

Lemma 4.1. As Bo-module takes the form: 

(i) Iff{x) C, then Bo\j(^^^ — End(y) xEnd(y) audit acts onV via one of the two projections 
End{V) X End(y) ^ End(F). 

(ii) If f{x) G Crcg, then Bo\-f(^^^ — End(y) and it acts on V via the standard representation. 

Proof. This follows directly from [36, Lem. 2.6 and Prop. 3.13]. □ 
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4.3. A family of sheaves on cubic fourfolds containing a plane. In this section we want 
to describe a family of bundles parametrized by the K3 surface S describe in Section 4.2. More 
precisely, for x £ S^eg and setting 

(4.3.1) :=Hji(L,)[-l]GD^(y), 
we get the following. 

Proposition 4.2. For all x G S^cg, the object Mx is a coherent sheaf with class 

cHMx) = {4.,-2H,-P,l,l) e H*{Y,Q). 

The proof will be carried out in the rest of this section and it is divided up in several steps. 
Moreover, in Section 4.4, we will show that Mx is actually a stable ACM bundle. 

We denote by Qf(x) ^^e fibre of vr: y — t- over f{x) and by Ix C Qf(x) ^ ^^^^ the ruling 
corresponding to x G S^cg- Recall that the points in S^cg parametrize rulings of lines in the quadric 
fibration vr. When it is clear from the context, we will denote Qf(x) simply by Q and Ix by I. 

Step 1: Kuznetsov's embedding. We first want to prove that 

(4.3.2) HLx)=Ij^^^^^^^, 

where ^ is the ideal sheaf of Ix in Q f(x)- 

Indeed, by definition ^{Lx) = tt*Lx (E>tt*Bo ^' ^ D'^(y). Since vr is flat and £' is 7r*i3o-flat, we 
have ^{Lx) G Coh(y). As a is a closed immersion, also a^^{Lx) is a sheaf, i.e. a^:^{Lx) G Coh(P). 
We have 

a*^{Lx) = a*{Tr*Lx <^n'-Bo 
= q*Lx (8)g*Bo Q^*"^'- 

where we used the Projection Formula for the fist isomorphism and the identity ir = q o a for the 
second one. Since a^^{Lx) is a sheaf, if we tensor the exact sequence (1.3.1) by q*Lx, then we get 
an exact sequence: 

(4.3.3) ^ q*Lx ^g^Bo q*B^{-2H) A q*Lx ^^.g,, q*Bi{-H) ^ q*Lx ®q^Bo ^ 0. 
The first term in the previous exact sequence is 

q*Lx ®q*Bo (tBo{-2H) ^ {q*Lx ®q*B, q*Bo) 0^{-2H) 

= q*Lx 0^{-2H) 

= op3(-2)®^ 

where in the first isomorphism we have used the non-commutative associativity (e.g., [26, Prop. A2.1]) 
and the fact that q*Bo{-2H) = q*Bo 0^{-2H). 

The action of Bq on Lx is controlled by Lemma 4.1. The map 5 in (4.3.3) corresponds to 
in [36, Sect. 3.4]. Hence, the second term of (4.3.3) is q*Lx ®q*Bo q*Bi{-H) ^ Op3{-l)®^ and 

(4.3.4) q*Lx ®,*Bo q*Bo{-2H) ^ Op3(-2)®2 \ 0^,{-l)®^ ^ q* Lx ®q^B, q*Bi{-H). 

is the "matrix factorization" of the quadric Qf[x) — '^~^{f{^))- Therefore, ^{Lx) is the cokernel 
of the matrix factorization map, namely the ideal sheaf Xr p; . This is well explained in [11. 
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Step 2: the right mutation. Set ^'{Lx) := R^- („/i)<I>(L2^). We want to show that ^'{L^) sits 
in the following distinguished triangle 

(4.3.5) Oyi-hr[l]^<f'{Lx)^Ij^^Q^^^^. 
By Step 1, we have 

$'(L,) = Ko^^-h){\Q) = cone (Ijq ^ RHom(X^Q, [-!]• 

Now, we observe that 

where the first isomorphism follows from Serre duality and the fact that Ky = —2H — h, while for 
the second one, we use that 0^{H) is a relative ample line bundle. 
Since / is a line in the quadric Q, we have 



H'-^{Q,Ij.{-2)) 



Hence we get the distinguished triangle (4.3.5). 



C2 if p = 2 
otherwise. 



Step 3: the left mutation. Set ^"{L^) := IjQ^(^h_fj^IiQ^(^_h)^{Lx). We want to show that 
$"(Lj;)[— 1] is isomorphic to a sheaf sitting in the following non-split short exact sequence 

(4.3.6) Oy{-hf^ ^"(ix)[-l] ^ ^ 0, 

where Kx is defined as the kernel of the evaluation map Oy{h — H)®"^ Xj ^. 
We have by definition 

^"{Lx) = cone (mioia{Oy{h - F), $'(L^)) Oy{h - H) ^ ^'{L, 

By Step 2, we need to compute ExtP(0^(/i - H), Oy{-h)®'^) and Ey±P{Oy{h - H),Ijq). On 
the one hand, we have the following natural isomorphisms 

ExtP{Oy{h - H),Oy{-h)®^) = ^ HP{Y, Oy{-2h + F))®2 

^ H^-P(Y,Oy{h-3H))®^ 

^ H^-P{Y, Oy{-D) ® Oy{-2H)f'^ 

^ H^-P{Y,Xpy{-2H))®'^ = 0, 

where the first isomorphisms follows from Serre duality and of the fact that Ky = —2H + h. For 
the third one we use that D is the exceptional divisor of a. On the other hand. 



C2 p = 
otherwise. 



E^iP{Oy{h - H),Ijq) = HP{Y,Xj^^{H)) = < 

Therefore, ^"{Lx) = cone (Oy{h - H)®^ ^ ^'{Lx)) ■ 

Taking cohomology and using the results in Step 2, we get 

^ Oy{-hf^ ^ n-H<f"iLx)) ^ Oy{h - Hf^ ^ ^ n\^"{Lx)) ^ o 
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Note that the evaluation map Oyih—H)® — )■ Ij^ is surjective and non-split. Hence, H (Lx)) = 
and ^"{Lx) sits in the non-split triangle 

Step 4: the blow-up. Finally we prove that = Hj^(Lj;)[— 1] is isomorphic to a sheaf sitting 
in the non-split short exact sequence 



(4.3.7) 



^ Oy(-i?)®2 ^ ^ i^, ^ 0, 



where Kx is defined as the kernel of the evaluation map l-'py ~^ ■^ix,Qf(x)- Here P C y is the 
plane contained in Y and Ix and Qf[x) are the images of Ix and Qf[x)- 

Indeed, we know that (^"{Lx) is an element on cr*Ty. Hence, by the Projection Formula, 
Mx is a sheaf. We only need to study a^^Kx because a^Oy^—h) = Oy{—H). The fact that 
Mx G Coh(y) implies that a^,Kx is also a sheaf that we denote by Kx- Since crlg is an isomorphism, 
a^:Ij ^ = X/^ Q^^^j. Since D = H—h is the exceptional divisor of a, we have a*Oy{h—H) = Xpy. 

For later use, we give two different descriptions of the sheaf Kx- Given the quadric Qf[x) and 
a line Ix in it, we denote by I'x any line in the second ruling not containing Ix- When Qf[x) is a 
cone, we set I'x = Ix- 

Lemma 4.3. The sheaf Kx sits in the following (non-split) short exact sequences 



(4.3.8) 
(4.3.9) 







Kx^Ii>,Q^.^J-H)^0, 
> 0. 



f(.),Y — > Kx — > Ipui'^x 



Proof Recah that Kx = a^Kx, where Kx := ker(Oy(/i - i?)®^ ^ X~~). Denoting hy i: Q 
the closed embedding, it is not difficult to see that the morphism Oy{h — H)®"^ 
through iJ*Oy{h - H)®^ ^ Oq{-H)®^ as the composition Oy{h - H)®^ 
Thus we have the following commutative diagram 

(4.3.10) 



Ijq factors 



lQ^y{h-Hf 



Iny{h-H) 



K^ 



Oy{h-Hf 



1~~ 



because the kernel of the surjective morphism Oq{—H)®'^ — )• X^-g described above is precisely 
Xji g(—H). Here /' is a line in the ruling opposite to the one containing / if Q is non-degenerate 
while, when Q is a cone, we take V = L 



ACM BUNDLES ON CUBIC 3-FOLDS AND 4-FOLDS 



41 



Applying the functor cj*, the previous diagram becomes 



T©2 7-02 

-^PVJQ,Y -^PVJQ,Y 

I®^ Ii^Q 

Ii',Qi-H) Ogi-Hr^ li^Q 0. 



Considering the first column of the previous diagram we can also see as the following 
extension 



IpuQ,Y = IpuQ,Y 
lfl,Q y Ti',q{-H) 

^ IPUQ,Y ^ T 9- Xii^q{-H) s- 0, 

" 



where T corresponds to an element in Ext^(X;/^Q(— i7),XpuQ,y). To compute this class observe 
that, since P U Q is a complete intersection in Y , we have the short exact sequence 

Oy{-2H) Oy{-H)®^ IpuQ,Y 0, 

where a is the multiplication by the equations of two hyperplanes in Y. 

Thus, applying the exact functor RHom(X/'^Q(— if), — ) to such a sequence and taking coho- 
mology, we get 

^ Exti(Xi,,Q(-if),Xpuo,y) ^ 4 ^ Ext2(Xi,^Q(-if),XpuQ,y) ^ 0, 

as dimEx.t^{Ii,^Q{-H),OY{-2H)) = 2 and dim Ext2(X,,_Q(-i/), C)y(-ii)) = 6. 

Of course, tp = a[2] o (— ) and so it vanishes. By Serre duality, Ext"'^(X;/_Q(— if),XpuQ^y) = 
H'^{Q,Xi q{H)) = €?. Thus Ext^(X;/ q(— i/),XpuQ,y) gets identified to the 1-dimensional linear 
system of lines /' in Q and T = Xpu;/_y. 
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The fact that the exact sequence 

^ i?, ^ Oy{h - Hf^ ^ X~~ ^ 

does not spHt imphes that (4.3.8) and (4.3.9) are non-spht as weU. □ 

From Lemma 4.3, we can deduce in a standard way the following Chern characters, by using 
Grothendieck-Riemann-Roch: 

ch(XpuQ,(.),y) = {l,0,-H\3l,-l), 
ch(Xpu«i,y) = (l,0,-P,-/,-|), 
ch(Oy(-i/)®2) = {2,-2H,H\-l,l), 
ch(ir,) = i2,0,-P-H^2l,0), 
cHM,) = i4,-2H,-P,l,l). 

This completes the proof of Proposition 4.2. 

4.4. A family of stable ACM vector bundles. The aim of this section is to prove the following 
proposition. 

Proposition 4.4. For all x G S^cg, the sheaf Mx is a Gieseker stable ACM bundle on Y. 

The proof is divided in two steps. 

Step 1: ACM bundle. In order to prove that is an ACM bundle, we want to apply Lemma 
1.9. Hence, we need: 

H\Y,Mx{H)) = 

H\Y,Mx{-m)) = H\Y,Mx{-3H)) = H\Y,Mx{-m)) = 0. 
These vanishing will be proved in Lemma 4.5 and Lemma 4.7. 

Lemma 4.5. For x £ S^cg, we have H^{Y,Mx{mH)) = H'^{Y, Mx{mH)) = 0, for all m£Z. 

Proof. From (4.3.7), by tensoring by OyinnH) and taking cohomology, we get 

ifP(y, Mx{mH)) = HP{Y, KximH)) for p = 1, 2 and for all m G Z. 

To compute the cohomology of Kx{mH), we want to use (4.3.8). As above, we take the tensor 
product OY{mH) and then cohomology. Thus we get 

H\Y,IpuQ{mH))®^ ^ H\Y,Kx{mH)) ^ H\Y,Zi>^Q{{m - l)H)) ^ H''{Y,Xp,jQ{mH))®^ 

By using the Koszul resolution of XpuQ, we have the vanishings 

H\Y,XpyjQ{mH)) = H\Y,XpyjQ{mH)) = 0. 

From the matrix factorization presentation (4.3.4), we have H^{Y,Iii Q{{m — 1)H)) = for 
all m e Z. Therefore, H^{Y,Mx{mH)) = 0. 

To conclude the proof of the lemma we only need to show that H'^{Y,Kx{—mH)) = 0. 
Since is defined as the kernel of the evaluation map 2^py — — > 2^;,q, we have an inclusion 
H^iY,Kxi-mH)) ^ H'^iY,Ip^Y{-mH))®'^ and H'^{Y,Xpy{-mH)) = 0. □ 
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In order to prove the crucial vanishing, H'^{Y, Mx{—3H)) = 0, we set 

(4.4.1) N := Lo^^2H){'Ro,-i-3H){Oy{H - h)) ® Oy{2H + h)). 
Lemma 4.6. The object N G D'^(y) lies in the following distinguished triangle 

Oy{-H + h)[3]^ N ^ a*np5{3H)\Y [1]. 
Proof. First we consider the right mutation of OyiH — h) with respect to C'y(— 3i?), that is 

cone (^OyiH - h) ^ RHom(0^(F - h), Oy{-m)Y ® Oy{-3H)^ [-1]. 

Using Serre duahty we have that Ext^(C'y (i/ — h), (— 3i/))^ is 1-dimensional if p = 4 and it is 
trivial otherwise. Hence we have the distinguished triangle 

Oy{H -h)^ Oy{-3HM ^ Ko,_^_,H){Oy{H - km 

which, after tensorization by Oy{2H + h) and shift, becomes 

(4.4.2) Oy{-H + h)[3] ^ Ro^^^3H){Oy{H - h)) ® Oy{2H + h) ^ Oy{3H). 

Now we want to compute the left mutation of the middle term in (4.4.2) with respect to 
Oy{2H). To this end, we compute the left mutations of the first and third term in the same distin- 
guished triangle. Now, an easy computation shows that L0_.(2_H-) (C'y(—-ff+/i)[3]) = Oy{—H+h)[3]. 

On the other hand, the vector space Ext^(Oy (2i?), (3i?)) is 6-dimensional if p = and 
trivial otherwise. Thus we get a distinguished triangle 

0^(2i7)©6 ^ 0^(3^) _^ Lo^^^H){Oy{3H)). 

Hence Lo-.(2_H')(C'y (3ff))[— 1] = a*^lf.5{3H)\y and putting all together we get the desired conclu- 
sion. □ 

Finally we can prove the following. 
Lemma 4.7. For x G Sj-eg, we have H^{Y, M,j:{-3H)) = 0. 
Proof Using adjunction (see, in particular. Lemma 1.4), we get 
H'\Y,Mx{-3H)) = Hom^b(y)(Oy(3if),Hji(L,)) 

= Hom^,^~^(Oy(3F),Lo^(/,„H)Rof,(-h)'5(ix)) 

Db{P2,Bo) 

2 

Db{P2,Bo) 



Di 

Hom^b(p2,Bo)(^(Lo^{2/f)(Ro^(-3H)(Oy(^ - h)) ® Oy{2H + h))),L, 
Hom2 (^(Ar),L^). 



where N is defined in (4.4.1). By [43, Lem 2.3], we have ^(©^(-i/ + h)) = 0. Therefore, by 
Lemma 4.6, 

^{N)^^{a*np,i3H)\y)[l], 
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and thus, 

= Ex4(flp5(3F)|^,X;,Q) 

The last isomorphism fohows from the fact that Q C P'^ and Tps (8) Ops = Tpa © Of^{H)®'^ . 

From the matrix factorization presentation (4.3.4), we have H^{Q,Ii^q{—2H)) = 0. Hence, 
to conclude the proof of the lemma we only need to show H^{Q,Tp3{—3H) ®X/ q) = 0. 

The Euler sequence on restricted to the quadric and twisted by Ii^q{—3H) becomes 

Taking cohomology we see that H^{Q,7jp3{—3H) i^Xi^q) is the kernel of the morphism 

H\Q,Xi^q{-3H)) ^ H\Q,Ii,Q{-2Hf^). 
Hence, we need to show that a is injective. Consider the short exact sequence 

J,,Q OgiH)^^ Ii,^QiH) 0. 

By taking cohomology and using that {Q,Xi' ^q{—2H)) = H^{Q,Xi'^q{—H)) = 0, we have that 
a sits in the following commutative diagram 



H^{Q,Xi,q{-3H)) H^{Q,Xi,Q{-2Hr^). 

Thus, to prove that a is injective is enough to show that f3 is such. By construction, /3 = //^(/)®^ 
where H^{f) is the morphism induced on cohomology by the map / sitting in the following Koszul 
exact sequence on Q 

Oq{-3H) OQ{-2Hf^ OQ{-Hf^ 0®4 ^ Oq{H) 0. 

The cokernel of / is 7ip3(— 3-ff) (8> Oq and the kernel of g is il.p3{H) Cg) Oq. Chasing through the 
associated long exact sequence in cohomology, we get H^{Q,Tp3{—3H) Oq) = H^{Q,ilp3{H) (g) 
Oq) = 0, since H^{Q,Oq'^) — )• H'^{Q,Oq{H)) is a base change of the evaluation map. Hence, 
H'^{f) is injective. □ 

Step 2: Gieseker stability. Now we finish the proof of Proposition 4.4 by showing that, again 
for ah X £ Srcg, the ACM bundle is stable. Note that iJ,{K^) = 0, fi{M^) = and by (4.3.9), 
Kx is ^-semistable. 

Suppose Mx is not stable. Since Mx is a vector bundle, there exists F a semistable destabilizing 
reflexive sheaf and a sheaf G sitting in a short exact sequence 



ACM BUNDLES ON CUBIC 3-FOLDS AND 4-FOLDS 



45 



Now rk(F) = 1, 2, 3 and the three cases need to be analysed separately. 
1. Then ci{F) ^ and is a line bundle. Moreover, we have a commutative 

F ^ 

K^. 

Since F is torsion free, the composition can only vanish or be an injection. If (p is trivial, then 
it factors through C'y(— ff)®^ which is semistable with fi = —1. Thus we get a contradiction. So 
assume that (p is injective and consider the following commutative diagram 



F 




2^PuQ,y^ ^ Kx — ^ ^pui',Y- 

Again, F cannot inject neither in IpuQ,Y nor in Ipui'X^ ^ contradiction. 

Case B: rk(F) = 2. In this case ci{F) ^ — 1 and we have a commutative diagram 
(4.4.3) FiC ^F ^ F2 

Oy{-H)®^^ A4 Kx. 

At this point we have to analyse some additional cases. 

Case B.l: rk(Fi) = 2. Since is torsion free, F2 = 0. On the other hand, Oy(— if)®^ is 
semistable, so ci{Fi) ^ —2. Then ci{F) ^ —2, so ii{F) ^ —1 and F does not destabilize M^- 

Case B.2: rk(Fi) = ik{F2) = 1. In that situation, ci{Fi) = —1, so Fi = G. On the other hand, 
by the uniqueness of graded object which is the direct sum of the the Jordan-Holder factors and 
the fact that (4.3.9) does not split, F2 = IpuQ- Thus (4.4.3) can be rewritten as 

Ori-H)^ ^F >^IpuQ 

Oy(_i/)e2c ^ Mx Kx 



with fi{F) -\. 

Case A: rk(F) = 
diagram 



Oy{-HY G Xpu/'. 

In that case, ch2(F) = ch2(C'y(-F)) + ch2(XpuQ,y) = ^ - (P + Q) = Since ch2(Ma;) = 

—P = — > — F does not destabilize M^- 

Case B.3: rk(F2) = 2. In that case, F2 — K^- Thus (4.3.7) splits, which gives a contradiction. 

Case C: rk(F) = 3. Now ci{F) ^ —1 and we can consider again a diagram as (4.4.3). We can 
distinguish two possibilities. 
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Case C.l: rk(F2) = 2. Since F is semistable, -\ < n{F) ^ n{F2) < ^i{K^) = 0. As 2/x(F2) is an 
integer, //(F2) = 01(^2) = 0, Fi = Oy{—H) and ci(F) = —1. Hence we rewrite again (4.4.3) as 

Oy{-HY ^ F >^ F2 

P P P 

Oy{-HY ^ G ^ T. 

Since G is a torsion- free sheaf of rank 1 and ci(G) = 0, if Oy{—H) ^ G, then T is supported 
on if, and so ci{T) = 1, contradicting 01(^2) = ci(-fC2^^) = 0. Hence G = Oy{—H) contradicting 
the fact that Mx is non-spht. 

Case C.2: rk(F2) = 1. Since Oy(-if)®^ is semistable, ci(Fi) ^ -2. On the other hand, also 
is semistable, so 01(^2) ^ 0. Then ci{F) ^ —2 and ^ — |. Therefore, F does not destabilize 
Mx. 

This completes the proof of Proposition 4.4. In particular, we proved that S is the closure of 
a component of the moduli space of stable ACM bundles with Chern character (4, —2H, —P, I, j). 

4.5. Universal family. In this section we assume that S is smooth. Then the above discussion 
can be summarized by saying that there exists a twisted universal family A4 G Coh(S' x y,p^Q) 
such that the Fourier-Mukai functor 

<I>A^ :D'^(5,q) ^D'^(y) 

is fully faithful and it factors through Ty. Recall that <I>a/((— ) := (py)*(Al 'S>p*s{—))- 

As the Kuznetsov's functor providing the full embedding of D^((S', a) into T)^{Y) is a composi- 
tion of a Fourier-Mukai functor and mutations, finding A4 amounts to finding the Fourier-Mukai 
kernel of their composition. For this, consider 

S:={ax id), (p*~£' ^p^^.g^ (vr x id)*(/ x idUplE^ ^ OaJ) 

where Py : Y x S ^ Y is the natural projection, pi : S x S ^ S is the projection on the first 
factor. As G S x S is the diagonal, and £' is defined in (1.3.1). From (4.3.2) we have 

5|yxM = ^* (p*y£' %,-*Bo (vr X id)*(/ X id),(p^F^ OaJ) ^ ^ ^ 

- a. [S' ^* {if X id)*(Pii?^ ® Oas)) 

- a. [S' ®.*Bo ^*f* ^ Oas\sx{,})) 

= (jMLx) 

Then, the universal family Ai over Y x S such that M\yx{x} — '^^^ described as 
M := {a X id)^ o ljpto^{h-H) ° '^p*-0^{-h) o {a x id)*cS[-l], 
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where I'ptOYih-H) and Rptc)~(-h) denote the corresponding left and right mutations. 

The fact that Ai G D''(S' x Y,p'[a) is actually a locally free sheaf follows from the fact that 
Ai\^y.Y — is locally free, for all x & S. This was observed in Section 4.4. 
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